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.SYNOPSIS 


OP THE 

P h . D . HIS SnRTAT 10 H 
on 

A CLASS OP FORMAL IvlOHELS POR LANGUAGE S 
AID TRANSLATIONS 

by 

VI JAY KUMAR VAISHEAVI 

Department of Electrical Engineering 
Indian Institute of Technology 
Kanpur 

There are two models in language theory which have been 
extensively studied and which have been particularly useful in 
specifying to certain extent the syntax and semantics of 
programming languages. These models are those of the context- 
free grammar and the syntax’ directed translation scheme. These 
models are not however, powerful enough for modelling accu- 
rately various structures and mappings that we come across in 
various areas such as programming languages and their eompi— 
lation, natural language analyt-is ana pattern analysis. As 
a result, recently there has been considerable interest in 

more powerful models of languages and translations which 

■ 

also lead to informative structural descriptions. It has also 
been felt that different formal models of languages (respectively 
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translations) arc of interest in language theory because 
a specific model that is capable of characterising certain 
aspects of a language structure (respectively, mappings 
between the structures of the domain eO-in the range languages) 
naturally, may be unsatisfactory in come other respect. It 

is in this background that the work reported in this thesis 
should he viewed. Certain recently proposed models for 
languages such as the simple matrix .languages and various 
generalisation;.: of the syntax direct o ; translation scheme 
can also be looked at from this angle. 


V.'o have in this thesis proposed and studied a class 
of generative grammars which we call 'coupled grammars’ , which 
can serve as models for languages as well as fox’ translations. 
Context-free grammars and syntax directed translation schemes 
are special types of coupled grammars. Again, wo have shown • 
that t ho classes of simple matrix languages and equal matrix 


languages, which have been studied in recent years, arc? 


generated by certain restricted class*.-. i 


of coupled grammars. 


Thus the concept of a coupled grammar unifies and generalizes 
the concepts of a context-free grammar, an equal matrix 
grammar, a simple matrix grammar, and syntax directed trans- 


lation scheme. 


Intuitively, we can think of a coupled grammar of degree 
n _> 1 , as defining n-tuples of labeled rooted trees <T^,...,® n > 
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which wt. call n-derivation trees, where I' 1 is a derivation 
tree in a certain context-free grander and each T i? 2 < i < n, 
is formed from u? 1 by altering 1 at each node: deleting and/or 
introducing descendants with terminal labels, and reordering 
the nonterminal descendants according to some fixed rule. 

Within this framework of ideas, each sentence x of the lan- 
guage generated by a coupled grammar of degree n, called an 
n-CQUplod language, can be written as x^ ... x n such that for 

a certain n-derivation tree <i/ , i\ 1 > defined by the grammar, 

x-i i*‘ result of lb. Similarly, the (m, rx-m) -coupled trans- 
lation, 1 < m <_ n_i, generated by a coupled grammar G of degree 
n i« y) | x » X.J...XJJJ, y » y, p+1 . . .y n , for an n-derivation 

tree <>. 1 , ..., T‘ n > defined by G, Xjl is the result of Tj, 

1 < i < r, and y ± is the result of ib , m+1 < i b n|. The 
concept of an n-derivation tree introduced informally above 
plays an important role in developing the theory, in this 
thesis. 

The domain as well as the range of translations gene- 
rated by coupled gramma., s are coupled languages. Thus a study 
of coupled languages ip a contribution to the study of coupled 
translations, as well. Because of this fact and also because 
the class of coupled languages is interesting on its own right, 
as well, we primarily concentrate on coupled languages in the 
thesis. 





Wo can divi do the work reported in this thesis into 
four part::;: 

1. Ve identify certain complexity parameters of cabled 
grammars - decree, order and j£- simplicity and trip cam certain 
restrictions on the productions. In this process, ?~e deaf. line 
a number of subcla uses of coupled languages and translattiocons. 

Somu o 1 these are: recoup lei, n- sin pi coupled, n- right 

lina.-,.'}: e oupled, languages and (m 5 n).-coupl oci trail slat i©H3 

We invo;/tigat s the structures induced ori la rigua ger; a ncii ttrsns- 
latioiis by restricting the productions ond various a aoocaistod 
complexity para me taro. tom*,; of the specific rc suits a re®: the 
login u; anti order induce infinite proper hierarchies cm t da 
c la s so 5 of coup le d la ngua g 0 s a nd tra nsla t io ns , 

2. Vs define a class of machines: n— turn generalized, 
checking automata (generalization of nut urn checking automata) 
and stow that these are mac Mile ctoractcrisat io ns of n staple 
coupled languages. We also sivo the ui. chins character iautalon 
of (l, n)- couplet: translations. 

3. 'to study some of the closure properties and dec ia. looin 
problems of n_ coupled and n~ simple coupled, languages. We 
find that many of these results are* similar to those oi 
context-free langtages. 
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4. Finally, we show that 

(i) the class of coupled languages contains the 
class of context-free languages and is properly contained 
in the class of context- sens Jtive languages, 

(ii) the class of n- simple coupled languages is the 
same as the class of simple matrix languages of degree n, 
and 

( iii) the class of n-rignt linear coupled languages 

is the same as the class of equal matrix languages of order n. 






IHTRODUCTIOiJ 


Lot of work has been done in the last two decades 
in the area of formal specification of languages and 
translations, rhe publication of toe Algol Report (26) 
and the work of Irons (AO) can be said to have led. to 
most 0;- the activity in this area. 

The basic problem that this 0 mo is concerned with 
is the following (' 58 ): A given language or translation S is 
an infinite or a very large set and it lias got certain 
structure. We are interested in having a finite represen- 
tation of S which also accurately represents its structure 
or certain aspects of its structure. In certain cases, we 
do not know exactly what structure S has got and we want the 
process of modelling it by devices which represent naturally 
various types of structures and the properties of these 
devices to help us in knowing the structure of S (modelling 
natural languages is a case in point). 

It is ttus fact that we are not usually interested 
in just modelling a language or translation at the string 
level but at the structure level which has led to the study 
of a large variety of models. 
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There are two important types of models : 

1. Generative grammars, and 2. Lac nines or automata. Prom 
the very early stages, a close relationship has been found 
between these two types of models and actually this relation- 
ship has contributed much to the theory that is available 
(see (18)), 

- ost of the work in formal generative grammars has 
been about four types of grammars: type o (or unrestricted 
rewriting systems which are equivalent in their generative 
power to Turing machines) , type 1 (or context-sensitive 
grammars), type 2 (or context-free rammers) and type 3 
(or regular grammars ). This classification was given by 
Noam Chomsky (8 ). Out of the above types of grammars, 
context-free grammars have received the maximum attention 
(see (14)). Perhaps the reasons are that the structure 
that they represent can be expressed in a simple and neat 
manner through rooted labeled trees called derivation trees, 
and that they have been found to bo quite useful in modelling 
aspects of programming languages. These grammars too, are 
not powerful enough in their generative power and capable 
of representing certain structures, as some applications 
demand; in fact, there does not exist a context-free grammar 
which can model Algol 60 (12). Type 0 grammars are least 
useful for representing the structure of a language. The 





structure that context-sensitive grammars represent has not 
been found to be much informative. Regular grammars are 
too weak in their generative power. 

Recently, there have been at'ompts to define and 
study new type a of grammars which have their generative 
power in between those of context-free and context-sensitive 
grammars and have capability of representing different 
classes of structures. The motivation for it lms been 
twofold. One is that in various applications like modelling 
programming languages, aspects of natural languages, and 
pattern analysis, we need models whose generative power is 
more than that of context-free grammars. Context- sensitive 
grammars are not a good solution to this problem because 
many of their important decision problems are unsol vable. 

I’ be other motivation has been that we need different styles 
of grammars because each style represents faithfully certain 
types of structures and only awkwardly, if at all, certain 
other types of structures. 

deed for different types of grammars which explicate 
different types of structures has been particularly felt 
while attempting to tackle the pattern analysis problem by 
the linguistic approach as against the decision theoretic 
approach adopted traditionally. The reason is that as 
against the case of natural languages where there has been a 
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search for a 'universal grammar' which will express the 
underlying structure of all natural languages (lO), or the 
case of programming languages whose structure is not much 
varied, in pattern analysis we are obviously going to come 
across a variety of structures. Moreover, in pattern ana- 
lysis the choice of the primitives as well as the equivalent 
of 'concatenation' is open. Also, it may be noted that 
even in case of natural languages, for practical applica- 
tions we will be interested in grammars which bring out 
certain structures of the languages, rather than in comple- 
te!/ adequate grammars. 

'i'he work on the models: matrix grammars ( 1 ) , simple 
matrix grammars ( 19 ), scattered context grammars (17), 
random context grammars (40), time varying grammars (32), 
state grammars (21 ) , programmed grammars (31 ) , indexed 
grammars ( 2 ) , etc. , is an attempt in this direction. The 
corresponding work in translation models has been certain 
generalisations of syntax-direct. id translation schemes (20,25,3 
Among these are the works of Pet rone ( 29 ) , Abo and Ullman( 5 ) , 
Knuth ( 73 ) and Vaishnavi ( 37 ). I'he work reported in this 
thesis also, is an attempt in this direction. 

In this thesis, we define and study a class of formal 
grammars which we call 'coupled grammars'. These grammars 
can serve as formal models for languages as well as for 






translations. As translation models, these have boon 
partly studied inVaishnavi ( 37 ). Coupled grammars are 
generalizations of syntax directed translation schemes 
and can also be looked at as natural extensions of context- 
free grammars. Context-free grammars and syntax directed 
translation schemes are, in fact, special typos of coupled 
grammars. Again, we have shown th t the classes of simple 
matrix languages ( 1 9) and equal matrix languages ( 34 ) which 
have been studied in recent years, are generated exactly 
by classes of certain restricted typos of coupled grammars. 
Thus -ho concept of a coupled grammar unifies and generalizes 
the concepts of a context-free grammar, an equal matrix 
grammar, a simple matrix grammar, and a syntax directed trans- 
lation scheme. 

The domain as well as the range of translations 
generated by coupled grammars are coupled languages. Thus 
a study of coupled languages is a contribution to the study 
of coupled translations as wall. Because of this fact and 
also because the class of coupled languages in interesting 
on its own right, as well, we primarily concentrate in the 
thesis on coupled languages. 

In Chapter 1, we give the basic definitions and results 
required for the rest of the thesis. 




I L 
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In Chapter 2, we investigate how the various com- 
plexity parameters of coupled grammars: degree, jx -simplicity 
and order, induce structure on the languages and transla- 
tions generated by them and how those structures are related 
with each other. 

In Chapter 3, we give the machine characterizations 
for a subclass of coupled languages called simple coupled 
languages of degree n and a subclass of coupled translations 
called (l, n) -coupled translations. 

In Chapter 4, we investigate some of the closure 
properties and decision problems of coupled languages. 

In Chapter 5, we discuss the relationship between 
the class of coupled languages and some known classes of 
languages vis. the classes of context-sensitive languages, 
simple matrix languages, and equal matrix languages. 

Finally, we conclude th > thesis with a discussion 
on the work reported in the thesis - :nd the work that can be 
done further. 






CHAPTER 1 


BASIC JEPII'IITIOiiS Ai'lii tiiS SHIT S 

This chapter lays the foundation of the later chapters 
in terras of the basic definitions and results. 

In section 1.1, vie give various definitions and a 
result concerning coupled grammars. In section 1 . 2 , we 
define coupled translations, coupled languages and related 
concepts. In section 1.3# v;e introduce the concept of 
n-derivat ion trees, n > 1 , which is similar to the concept 
of derivation trees in context-free grammars , and plays an 
important role in studying the .structure of coupled languages. 
In section 1.4, we investigate some of the possible sim- 
plifications of coupled grammars, finally, in section 1.5, 
we give some conclusions. 

1.1 COUPLE!) GRAiv,i.,ARS : 

Coupled grammars arc genera lisa lions of syntax directed 
translation scheme s( 3). These can also be looked at as 
natural extensions of context-free grammars. Again, syntax 
directed translation schemes are generalizations of context- 
free grammars. In order to appreciate all this, wo shall 
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first review the definitions of context-free grammars, syntax 
directed translation schemes, and related concepts before 
formally definin'- coupled grammars. 

..-i co nt axt-f roc gramma r i is defined as: 

fx - ( V : , V P, 3) , 

where V- v * and Vj are disjoint finite sets of nonte rminals and 
term i n. is , respectively. 3, in V-, is the star t symbol. P is 
•a finite s^t of productions of the typo A - a, where A is in 

V and a is in (V T | • J V^) . If A - a is in P, p and % in 

# a 

( V r U V„.) , then ww write (aA *r-> Ba . The relation is the 

.. x ij- Q 

reflexive-transitive closure of •#. 

G 

The language generated by G-, called a context-free 
la ngua ge is : 

* * ) 

wjw is in ¥rp and 5 ==--> wy . 

^ l.T .3 

*** 

One of the weaknesses of context-free grammars is the 
lack of •cross-referencing f between nonterminals in the process 
of the derivation of a sentence. Thin is the reason why the 
language L - |a i b i c i ji > ij is not a context-free langua- 
ge^ ) . Phis weakness of context-free grammars makes them 
unsuitable for many applications. The context-sensitive 
grammars, on the other band, are too powerful in this respect. 
The context-sensitive grammars don't, however, have many of the 
nice properties of context-free grammars; also they don't lead 
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to very informative structural descriptions. This is the 
motivation that we have for the definition of coupled grammars. 
In these grammars we can have this 'cross-referencing' between 
nonterminals in a controlled manner. 

a. syntax direct e d trans lati on scheme H is defined ( 3 ) 
as: 

H = (v u , v Sl , V T2 , r, s) , 

where and are finite sets of nontermi nals , input 

symb ols and output symbols , respectively. V N is disjoint 
from V,j, ^ *j ¥ r j,g. S, in V K , is the start symbol . R is a finite 
set of rules, a term which we shall define fully after giving 
the following auxiliary definition: 

A tr ansl at ion for m: of H is a triple (a., { 3 , 70 , where 

a Is in ( Yvj U Y^ ) , f is in (V- IJ Y^ 0 ) “ and K is a permuta- 
*1 

tion . The number of occurrences of nonterminals in a and (3 

must be equal, say k in each, and the number of appearances 

of each nonterminal in a and p should be the same. 7Y must 

then be a permutation on k objects, lor all i, 1 < i < k, 

the i~th nonterminal of a (from the left) is the same as the 

1. A permutation 7C on k objects will always be denoted by 
fi-j,..., , where ji^jl <. j < , is a set of dis- 

tinct integers between 1 and k. 7T(j) is defined to be i i . 
A(j) is that s such that 7C(s) = j. 
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A i)-th nonterminal of p (from the left). We say that the 
i-th nonterminal of a and the 7W(i)_th nonterminal of p corres- 
pond . 

1 rule is an object a - (a, where A is in and 

(a, p, 7t) is a translation form. 

Suppose ( a.j , p.j , 7Vp is a trails lotion form of H and A 
the i-th nonterminal of r.., , in order from the left. Also, 
suppose A - ( )f , 5, 7K) is a rule. Then we can construct a 
translation form ( cy, , p.~ , K 0 ) from ( c .^ , )• 1 , 7tp by replacing 
the i-th nonterminal of by 1 to obtain a 2 and the 7V(i)_th 
nonterminal of (3^ by 5 to obtain py. 7T ? is the permutation 
such that the nonterminals of other than the i-th correspond 
to the same symbol in as in p and each nonterminal of ^ 
corresponds to the nonterminal of 6 to which it corresponded 
according to 7*0 . We then write ( « 1 , p., , Tdp (o^, p 2 , 7T g ) . 

•• 7 > is the reflexive-transitive closure of --••=> . 

ii H 

The syntax directed translati on defined by FI is: 

{(x, y) 1 ( S, S) =>(x, y) and x is in , y is in vj ? 2 1 . 

#*•* 

Observe the role of 'correspondence' between nonterminals 
in the derivation of a translation element (x, y) by a syntax 
directed translation scheme.. There is a controlled cross- 
1. Hote that permutations have been omitted from the transla- 

Jfc. 

tion forms related by =p since no information is lost in 
doing so. 
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referencing between nonterminals. It is this idea that we 
extend and adapt to the definition of coupled grammars as 
translation as well as language generating devices. To illus- 
trate the latter point, we observe that we can define the 
'language generated' by a syntax directed translation scheme 
H as jv;J(S, 3) ==> (x, y) , x is in , y is in V£ 9 and w = xyj 
According to our terminology a syntax directed translotion 
scheme is essentially a coupled grarrmfe.r of degree 2 while a 
context-free grammar is a coupled grammar of degree one. We 
actually define coupled grammars of degree n, n > 1. To get 
an idea of the motivation for defining coupled grammars of 
degree higher than 2, we claim that the language 
la i > 1 v cannot be generated by any coupled grammar 
of degree 2 (See Lemma 2.2.1). Actually the degree of coupled 
grammars induces an infinite proper hierarchy on the languages 
and translations generated by these grammars (See section 2.2). 

Low, lot ur> give the formal definition of coupled 
grammars; 

Lot n > 1. a couple d g ramma r of deg ree n. also called 
an n-eoupled grammar (nCG) is . 4-tuplo: 

G = (V.,, V T , P, ( 3) n ) 1 , where 

1. For any X, (X) 11 will always denote the n-tuplo (X,...,X). 
Hot e that X n will denote X . . . X; a string which comprises 
of n X's. 
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1. V-t and Vqi are finite disjoint sots of nonterm inal g and 
term inals , respectively 

2. V:- r = Vrr. (J ..... u?,n and v T n is the set of 
i-t er mine Is , 1 < i < n; 

3. (S) n is the start form, where A is in V lT nf. is called 
the st a r t symbol ; 

4. 1 is a finite set of p roduc tions , like A -* a, where A 
is in and a is a 'form' in G which is defined as follows: 

-tJ 

■“ form in d is an n-tuple; ( ( a 1 , 7t or^, 7f n ) ) , where 

< 2 - . 

a-, 1 < i < n , is in , the number k 01 occurrences 

of nonterminals in « 1 equals the number of occurrences of 
nonterminals in , 2 < ,1 < n, and "AT, 1 < i < n, is a per- 
mutation on k objects. The 7^(i)-th nonterminal in , 

1 ( i ( k, in order from the left, must be the same as the 
7y.(i)-t.b nonterminal in or ^ , 2 < j < n, in order from the left. 

lor o .oh i, 1 < i. 1 k, the 7^(i)-th nonterminal in « 1 

7T (i)-th nonterminal in « (all in order from the left) are 
Said to correspo nd with each other in the form. If k = 0, then 
7T, i < i < n , is null by convention and the form is called a 
terminating form,. Those productions whose right tend sides 

1. If some permutation 7V) , 1 < j < n, is omitted from the 
form, it will always be understood to be the identity per- 
mutation. 

2. From now onwards we shall usually omit the bounds on a 
parameter (like i, here) if these are obvious from the 
context. 
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are terminating forms are called termina ting pr od uct ionp 
while others are called no nterrnjna t ins p rod uct fo ns . 

G is a co upled gra mmar (CG) iff it is an nCG for some 

n > 1 . 

Exam ple . 1.1 ,1 : 


Let us give an example of a 3- coupled grammar: 


- (v,., v T , 1-", ( 


1 \ J \ 


where V 




- H 


and V. 


T„ 


H 


30 that V, 


L' 


[s, f], T ii - 

■ • | a , bj , and P comprises 


of the productions: 


1. 3 - ( ( A B , [2,1] ), \\\ t (iff [2,1])), 

2 . A -* (( fa Mb , [ 2 , 3 , ij ) , (ua , UA ; [2,1,3]), 

(AAbbB, D,2,1])), 

3. A - (a ,a . t) , and 


1 . E - ( b , t , t) , 
in a 3GG. 

1 be right band sides 1 of the productions in P are forms 
in u. 2 he productions 1 unci 2 are nonterminating productions 
while 3 and 4 are terminating productions. In the right hand 
side of the production 2, the second, third, and first non- 
terminals of AaBAb correspond, respectively, with the second, 
first, and third nonterminals of aaABa, and with the third, 
second, and first nonterminals of AAbbB (all in order from the 
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V/e note that nothing is gained by having the permuta- 
tion in the first component of a form a a a non- identity 
perim.it ,t ion; having it as the identity permutation makes the 
productions look less complex. V«'e will come back to this 
point later. 

In order that n-couplsd grammars 1 may serve as genera- 
tive devices for translations and languages, we will have to 
define what is meant by a derivation in these grammars. let 
us proceed w it n doing this. 

Let d = (Vg, Vrj, , P, (S) 11 ) be an nCG and let « 1 = ((r/,^,7 
• • * , ( o ^ n , j-j) ) a nd of, 2 ~ ( ( op -| » ) » • • * > ( yO ) » two 

forms in it. Let some nonterminal , say, A be the 7Tj (i)-th 
nonterminal in ^ for some i (in order from the left) and let 
there be some production A - (( r v Tv, ) , ..., ( y n , 7T)), 
in P. Let there be m nonterminals in 'X, (and hence in each 

1 .< ■ < n). 

«\ is said to dire ctly deri ve in G, symbolically 

written as 1 ' a. *--•> 0 r (usin,- production in ‘expanding’ A, 

I 0 c 

the TV^Uj-tb nouteiwiml of o^, in order from the left) 
iff the following holds: 

1. 'throughout, we will follow the convention that if the 
value of a certain parameter is not specified, the para- 
meter can have any permissible value. Thus, hero u > 1. 

2. ‘G* may be dropped whenever no ambiguity is caused by 
doing so. 
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1. a ?1 and , 2 < „j < n, are obtained by replacing 
the 'A~,(i)-th and the correspond in nonterminal in by 
y, and Yj » respectively. 

2 . 7V ' ' 3 are obtained from 7V . '3 and 7T. ’s such 

•- 2 ID ? 

that t ho nonterminals in « b icb are not the result of expan- 
sion, have got the same ’ corresponds nee ’ as they hod in a., 
and the nonterminals which gue the result of expansion, have 
got the same correspondence or; they hud. in the right hand side 
of the production 'p~. Formally, for all ,i , 1 < ;j < n, and 

(a) for all k < i, if 7V.(k) <Ai^(i), then 7V . ( k) = 7C ( k) , 

1 J hj a,i ij 

and if 7Vj..(k) > 7^(i) , then 7^00 7V ( k) + m _ 1 , 

(b) for all k > i, if 7T^(k) < TV . ( j.) 9 then TT _.( i c + m _ 1 ) 

= 7T 1; .(k), and if 7Vj^(k) >"7^7, ^ ( i) , then TT^p + m _ 1 ) = 7\ (k) 
+ m-1, and (c) for all d, 1<d<ro, 7V ( i+d-l) = 7V (i) + 7V (d)-1 . 


l»o say that a form a (in 1) der iveg a form p (in G) , 

i 

symbolically written as a -■ -> 6 , iff there are forms 

G 


» • • • t , i 

L n 1 , I 

s > C, such that « 

a, (>j f - [ and 

a i ^ '-.t+i > 0 

< i < 

k. 


( r \ *. 

\ » J i -•‘•v 

' (w is 

...» w ) , is said to 

be a derivation of 

*• .«► -a - *• « m • >• *■ I'm)* mm a. .— «■» 

w in G if v;. , 

1 ’ 

1 < i 

< n, is in Vrjt and • 

w = w 1 ... 


1 . Again, ’G-' may be dropped, if no ambiguity is caused 
by doing so. 
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£xam£ltl IxAjlZ'- 


Let us illustrate the concept of one form directly 
derivin'? another form in an n- coupled grammar. Lot 1 be 
the grammar given in Example 1.1.1, then 

(IB, (BA, ['2,1]),, A3) -•==> (AaBAbB, ( Baa A fa, L 4 ,3 ,2, ij ) , 

lx 

(A AbbUJi, fl ,3,2,4])) 

using the production 2 in expanding the nonterminal A. 

**■*- 


■1 

It should be clear at this point how wo will bo defining 

the languages and translations generated by n-couplod grammars. 

For an n-couplod grammar G = (Vj T , V^, P, ( S) n ) , wo will define 

the language generated by 3- (which we shall call an n-ccupled 

language) as L(G) = | ( S) 11 ===>(w^, . .., w n ) , ue is in V^_ and 

w = w.j ... \%’ n \ . Similarly, we will define the n-translat ion 
3 r 

generated by G :s T (G) - j (w, x) j (3) =$■ (w. , . . . , w n ) , 
is in vlj. _ , v; - v 1 ... w m , and x ~ v , m+1 ... w n j . 

,»o observe that tin,- concept of 0 . derivation in n-couplod 
grammars differs from that in grammars in thj Chomsky hierarchy 
in th...t here , in a single step, particular occurrences of a 
nonterminal (which correspond with each other) are simultaneous!; 


1. In section 1.2, we will be defining formally the languages 
and translations generated by coupled grammars and their 
various subclasses determined by certain structural cons- 
traints on the grammars generating them, in order to pave 
the way for their study in later chapters. 
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expanded. Effectively, if means letting "the derivations in 
these grammars carry some contexual information, which is not 
the case in context-free grammars . Y/e get a feeling that 
these grammars should in general be more powerful than context- 
free grammars, which is in f<; ct the case, as wa shell see 
later. For discussion of t he relationship of coupled languages 
(languages generated by coupled grammars) with some known 
classes of languages including the classes of context-free and 
context-sensitive languages, sec Chapt r 5. 

In Chapter 2 , we are going to investigate the structure 
of coupled languages and coupled translations (translations 
generated by coupled grammars) — we are going to investigate 
whether the degree of coupled grammars and certain r estr lo- 
tions on the types of productions in these grammars induce 
structure on coupled languages and coupled translations. In 
order to pave the ground for it, we will define some restricted 
types of coupled ’-.rammers and certain parameters which indicate 
the complexity of coupled grammars. Before we do so,, let us 
put across some ideas: 

1. Observe that the contexual information carried in a deriva- 
tion in an n-coupled grammar is not as much as is the case 
for context-sensitive grammars. The 'definition of ‘absolutely 
parallel grammars’ (30), ’scattered grammars f (17 ) and 'simple 
matrix grammars’ (19) and the languages generated by them, 
are similar attempts at defining classes of languages which 
fall between the classes of context-free and context- 
sensitive languages. 
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we know that the right hand side of a production in an 
n- coupled grammar is a form in the grammar. A form in the 
grammar is an nutuple in which each component may contain a 
permutation also. These permutation:, just serve the purpose 
of specifying which nonterminals correspond with which nonter- 
minals in the form. Of course, here we can't draw any parallel 
with context-free grammars. If in the right hand side of each 
production in an n-coupled grammar , all the permutations 
involved are the same permutations, then we have a coupled gra- 
mmar which is a 'simple coupled grammar'. The significance of 
this statement is that if we look at the n-tuple comprising 
the right hand aide of a nonterminat ing production, the first 
nonterminals (from the left) in all the n* strings ''in the n com- 
ponents of the n-tuple, correspond with each other. Similarly, 
the second nonterminals in all the n 'strings' correspond with 
each other and so on. Certainly such coupled grammars are 
! b im pi e • coupled , -ramnsa rs . 

Again, given a coupled grammar, can we say something 
more tb n saying whether or not it is a simple coupled grammar 
i.e. , can we define some parameter which indicates the 'simpli- 
city' of the coupled grammar? ¥e do me Ice an attempt in this 
direction. 
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In context-free grammars, having more than two nonter- 
minals in the right hand sides of the productions does not 
give them any more power than bavin-- utmost two nonterminals( is) 
Me will see that this is not the case for coupled grammars. 
Therefore, we should define a parameter which tells what is 
the maximum number of nonterminals in the forms (in any compo- 
nent of any form) which are the right hand sides of the produc- 
tions in the grammar. 


Based on the above ideas, let us give the following 
definitions; 


The A*-— simplicity 1 of every ICG is 0 by convention. 
The ^-si mplic ity of an nCG, n > 2, G = (V^, V T , 3?, (3) n ), is 


defined as the sequence 
is the largest subset of 

) 



^ , ..., where 1 < i < n - 1 

|i + 1 , . . . , nj. such that if 
then for all nonterminating produc- 


’ {(.’V *■), 


7^)) in p, each of 7^, 


• • » 


~K. i'. the same permutation as 7T. , 

lSi i 

ruinating production in the gramma r , 

’ l 3, n ] ’ 


If there is no nonter- 
tuen its XC- simplicity is: 


by convention. 


*** 


uAl -simplicity is actually one of the complexity measures of 
coupled grammars similarly as degree is or order (which we 
define shortly) is. 
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If we think of the first components of the forms which 
are -the right hand sides of the nonterminating productions as 
comprising the first ’part' of the productions, of the second 
components as comprising the second 'part' of the productions, 
and go on, the idea of the above definition of /{{-simplicity 
is tc iiidicate for each i, 1 < i ( n ... 1, which of the parts 
i + 1, . n are 'simple' with respect to the part i and 
which are not. 

The orde r k of an nCG G = (V^, Y ^ , P, (S) n ) is the least 
integer such that for all nonterminal* ing productions; 

A -*(( cr 1 , A 1 ) , (a n , 7V n ) ) , in , the number of nonter- 

minals in a 1 (and hence in each a^, 1 <„ i < n) , is no more 
than k; if there is no nonterminating production in the grammar, 
then its order is said to be zero. 

A n nGG of /(-simplicity cr and order k is called an 
( n . o~ . 10 - counled gramma r ((n., <r, k)GG). G is an ( n T g~) -coupled 
gramm ar ((n,<r)0G) iff it it an (n,<r, 1:)CG for some value of 

k. Similarly, G is a n ((n> k)CG) iff 

it in an (n,<r, k)0G for some cr . an in cpjmXM 
g ra mmar ( ( n, k) 3GG) is an (n,cr, k)CG, where for °~=^ r ^ 

i 1 =* £ ? , . . . , nj 1 . An n^im£lj=gj^ .(nSCG) is an 

(n, k) SCG for some value of k. A simple coupl ed, irrammar ( SCG) 

is an nSCG- for some value of n. *** 

l. It follows t hTt , 1 < i < n - 1 = + 1 , . . . , n| . 
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We can put restrictions on the type of productions on 
the grammar in the same manner as restrictions are put on the 
types of productions in context-free grammars in order to 
define right linear grammars. Let us call the n-coupled 
grammars restricted in this manner as n-right liner; r coupled 
grammars. We shall show in Chapter 5 that n-right linear 
coupled grammars are equivalent in their generative power to 
equal matrix grammars of order n (34). Let us define formally 
this subclass of n-coupled grammar cm. 

If G- = (Vp, Vj , 1, ( S) ri ) is an nOG such that the pro- 
ductions in P are only of the type: 

A - (x 1 B , . . . , x n B) , or A - (r^,, ..., w n ) , ww in 
V,p, A, B, in V i( , then G is called an n-r ight linear co upled 
gram ma r (nRLCG). 


Bxam oLe 1.1.3 : 

The following is an example of a (2, 1)SG(> i.e. , a 
2- simple coupled grammar of order 1: 

.1 - ( { sj, [a ,b,c^ , P, (3)^), where P comprises of 

the productions: 


1 . S - (aSb , c3) , and 

2. 3 - (ab, c) . 
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Is. jljlJ: 

Again, the following is an example of a ( 5 , £ 3 ^ , 0, 2 >CG 
i» e. 5 a coupled grammar of 'a xee 3 , of order 2 , and of 
yCt -simplicity 1 3^ , 0. 

G = ^ f 3,A,:3 i » f a i ’ * • * 5 a ; ? r 1 5 • • • > ] “s} » p > ( » 

where ? comprises of the productions: 


1. 

3 - (A 

.1 * ? 

(BA, 

Ld, 

1J ), 

AB) , 

2 . 

A. - (a 

i fih 

d » a 

4 Ab i’ 

a 5 /i1 

'V 

3 . 

B - (a 

-jBfc 

v, j a 

-Bln, , 
j 5 ’ 

a ^ j- 1 

*6 1 * 

4 . 

A -* (a 

1 1 

’ a .f 

as 

hV 

1 C« i i‘,.1 

t - 

J 9 

B -* (.. 

b 

p ™ p 

t w 3 

la, , a 
j 

t tv ) 1 
6 b x 



sow, we come to an interesting problem. Given n and k, 
it looks intuitively that there should be some restrictions 
which cr should satisfy in order that an (n,<r, k)C1 be realizabl 
Oan we give necessary and sufficient conditions which cr should 
satisfy in order that an (n ,<r, k)CG bo realisable? The follow- 
ing theorem provides the required necessary and sufficient 
* 

conditions. 


(a) 1 For k = 1, n > 2, an (n 5 <r, k)CG- is realizable iff fc 

^ ln-1 ’ is e< d ual "to |~i + 1, nj . 
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(b) For k 2 

2 , n > 2,cr 

it 

i 

Ovv, 

1 1 . • • , 4_i » wber2 

is some subset of -j 

i r s* *1 , *o., 

J 

, an (n,<r, k)C,, is 

realizable iff for : 

son* o 8, 1 < s 

< n 

- 1 , a nd m > 1 , no ne of 

t h e fo lio v; i r. o s t o ter 

iient-s is true 

; 


1 . 1 is in 

i 3 '• it in | v 

T 1 

3 . . . , hj- is not in 

and m is in S, . 




?. 1 is in 

r is in 

jL, 

o 

■•no. m is not in 

3 * 1 in < s 

+ 1 , nj 

is 

not in j; , m is in £ ^ 

and r.n is 

in s . 




(a) This follows from the fact* that every (n, l) -coupled 
grammar is by definition an (n, 1 ) -simple coupled grammar. 


(b) only if : 

Let us suppose to the contrary, for the time being, 
the idea is to get a contradiction using the definition 
o f JjL- - s impl ic it y . 


Suppose there exists an (n,cr , k)OG G -• (V !; , Vrp, P, ( S) n ) 
for v;hicn statement 1 is true. 

How, 1 is in implies that for all nontormina ting 
productions : 


C ( a 1 > * * • • j ( s ) } 

permutation as 7V s . m in £s + 1, 
implies that for at least one production: 


in P s is the same 


n ] 


is not in 
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r- - ( ( p 1 , 7^) , . . . , ( p n , 7T ) ) v in P, 77. i s different 
from 7y. Again, ra is in ^ implies that for all nonterminatin 

productions : 

A - ((a ,7T), ..... (o Tl , 7^)), in P, 77^ i G the same 
permutation as This clearly leads to a contradiction. 

The proof, when statement 2 or 3 is true is similar to 
the above and i s o m it ted. 

if: 

hot ice that the three statements 1, 2, and 3 exhaust 
all the cases which can lead to a contradiction, among the 
eight possible cases: 1 may or may not be in £ s , rn may or may 
not be in and m may or may not bo in This is the 

basic idea behind the following formal proof. 

Let <r be such that none of the statements 1, 2, and 3 
is true. In such a case, using the followin'’- algorithm, we 
shall construct an (n, cr , k)OG- G, which we shall call, for 
the purpose of further refcrcncv , as the aa»BJ4 (h,<r , k)CG. 

This algorithm holds for n = 1 as well; of course, k is greater 
than or equal to 2: 

Algorithm : 

G = ([A v ..., A k , B v B 2 , S}, 0 s P, (S) n ), where 
P is constructed as follows: 

(i) Let X = |*i 1 , . . . , such that X = ^2, n| 

- $L and the elements of X are in natural order. 
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= 0, to start with. 

( i i ) Add t ha product io n ; 


A N 


n 


■ d * • ♦ ■*! t _ ; 


, to ? 


3 - (A 

(This is to ensure toot the order of G- is k) . 

(iii) I a 1 empty? Il it in, thou the algorithm terminates 


A 

let S . 


(iv) O a !L p be the first demerit in X. If i^ = n then 


f 


0. lut v 


(X A l lf ) U {i f } . 


(As a result , Y contains d, lich is the smallest element 


in X, . nd all i such that i is in X, as well as in 


A- . 


-f 


Actually 


we shall see that It cannot be that i in in £ but is not in X) 


(v) let X -e- X-Y 1 . .arrange the elements of X in natural 
order. Add to P the production: 


S -* (B^JEX,, ( a p , ) j • ..» (a n ,7V n )), where If I is in Y, 


then a,- = BA, and TV. = S~ 2 , 1 ] ; otherwise a- = A3 and 7 \. 

X X *- J X 1 


is an identity permutation. 

/ j ( 

(•This is to ensure that if <r~ ^ , . . . , S n _ 1 , is the 


XL-simpl ioity of has it stands at this step, than ^ ) 

^ .r* T /■> 


(vi) Go to (iii). 


This is the end of the algorithm. 


' stands for ‘is replaced by'. 
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Observe that G does not generate any language. However, 
the above algor it Inn does not, in any way, depend on this fact. 

e shall now show that G is in fact an (n,<r', k)CG by 
proving a sequence of statements 1 3 „ ) , (.S„), [ S. T ) , (S„) and 
( %) : 


sequence of statements ( 3 ^), ( S ? ) , (S.^), ( S^) a: 


( $ 1 ) : If ;i is in jn , then J.. = - £i + 1 , . .., . 

this is so because if some p is in , then it is also 
in , because otherwise statement 1 of the theorem would be 
true and on the other hand if p is in - |i + 1 , . . . , 3^ , 
then it is also in P. , because otherwise statement 2 would 
be true. 

(S 9 ): If at any stage of iteration some i is in $L , 

then it cannot be in ^ and hence i -has to be in X as 
defined in step (i) of the algorithm. 

this is so because otherwise statement 3 would be true. 
(S x ): It cannot be that at any stage of iteration, in 


step (iv) soma i is in 5. but is not in I. as X 

1 f 

stands in that step. 

Suppose this is not the case, then in view of (S^) and 
the nature of steps (iv) and (v), it follows that for some 3, 
i- is not in but i is in This is, in fact, statement 3 

and hence the contradiction. 
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(sp : 

Let 

i 

in £ 

O 

r.. ? 

i i »l j « 

• « 9 X 

S J * 

Ther 

0 X; 

y : 

3 - ( 

a*, ? 

( CXq 9 

a 

= 

77. 

r X 1 

— # 

• 0 

A 

D in 

|i + 

1, 

• • • 5 

n V 

production 

in 

?, say: 

0 -* ( 

«-] ? ( 

! 

Cp , 


* • 


, ^ a nd let : 


• • • , ( ctjj, 7v n ) ) , in which 
= [7, 1 ]_ ,7V. is identity for 
ni but not in J. ; and for any other 


( a ' 


are identity permutations. 


Td : ) ) , 
n' ' ’ 


K "TV 

x’ i 1 ’ * 


TV 

» i » 
s 


note that at a certain 

either i ~ i f or i is in jf. , 
f if 

Again, in view of (3-^), 

net ;i, , be the first element in 

X 


stage of iteration, in step (iv), 
for go mo if. 

step (iv) can be reframed as: 

X. let Y = i u 


It now follows that the production introduced in the 
immediately next step is^Kin case i ^ i f , this is so in view 
of (S^). 

The later part of (3^) follows in view of the nature 
of steps (iv) and ( v) , i.o. , the way Y is constructed , the 
subtraction of the set Y from a, and the nature of the produc- 
tions introduced in stop (v). 


(Sjj): If i is in , then for all productions: 

S - ( a.j , ( , *^v>) , . . . , ( ) , in P, 7V is a n 

identity permutation. 
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bote that because i cannot be in X at any stage, it 
cannot be in Y as well, at any stage. (S K ) now fellows in view 
of the nature of the productions introduced in s',eps (ii) and 
(v). 

It now follows from (3..), (3,) and (S^) than G is an 
(n,£ r, dc) CG. 

♦ ^ . ii , 13 # 


Exampl e 1 y 1 v 5 - 


In this example , w.. shall illustrate the construction 
of the sample (n, <r, k)Ou for n - 4, 4: - 3, and ~ ^4^ » » £ 

using the algorithm given in the proof of the above theorem. 

G - ([a i? A 2 , -y, - 2 , sj, 0, P, (S) 4 ), where P 

is constructed as follows: 

1. X ~ ^*2 , 3 j « B =0, t° start with. 


Add the production* 

3 -* (A 1 a,.'..,.)’’ 5 to r. 

I ei J 

Y ~^2,'5^ . X-«r~X~Y. Add to P the production: 
3 - ( iyb, , ( , [2,1] ) , ( B 2 B 1 , [2,1]), B^) 

The algorithm terminates because X = 0. 


Thus, P comprises of the productions: 

S - (A 1 A 2 A 3 ) 4 , and 

S - [2,1]),(B 2 B 1 , p.rp.B^) . 

Clearly, G is (4, W’ ( 3 )- 0, 3) CG. 
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It certainly does not make any sense to talk of those 
(n, cr, k)CG's (and the translations and languages generated 
by such grammars) which just cannot be realized. 1/e therefore 
have the convention; 


Conv ent i o n 1 . 1 . _1 ; 

from nov. onwards, an (n, cr , k)OG would always mean a 
realizable (n, cr, k)CG. We will be concerned, in this thesis, 
with realizable (n, q— , k)CG's only. 


1.2 


'JOUPLhG TRA d SLAT IONS Aid COuPLli LAUGUaGjSS: 


In this section, we set ourselves to formally defining 
the translations and languages generated by coupled grammars 
and some of their subclasses. 


i 

Let T be a translation from a finite input a lphabet 


tb to a finite out p ut alpha bet V . Any eleme nt of 1 will be 
denoted by (v», x) , where w is in and x is in T r‘ . The domain 
.0 of T in defined as < w I for some x in V* (v;, x) is in TV . 
The JSSSS of f im defined as | for dome v, in V* (., x) 
is in T V . 


because of our concern in the next chapter with the 

investigation of the structure of coupled languages and coupled 

translations induced by the yCt- simplicity, order and the degree 

the coupled grammars generating them, we will now define the 

For the definitions of a 'translation 1 , 'language' and 
related concepts, see ( 7 ). 
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ra-tra relations and the languages generated by (n, o~, k'l - 

coupled grammars, 1 < m <. n - 1 (m refers to the number of 

initial components of a terminal form derived from the start 

form, -which are concatenated in order, to form v/ such that 

3 

(w, x) is an element of the translation generated). 


Let G - (V H ,£v Ti U ... U%] 5 P 
(n,o~, k)CG. 

the m-translation gen erate d by G, 


, ( S) 11 ) be an 


1 < m < n ... 1 , from 


the input alphabet V. 


v 0 - v, , U ... U v T , 

° Iii + 1 11 


u Vm to the output alphabet 


v i U . 

1 m 

denoted by T (G) is: 


£(w, x) 


io in V*, x is in ( S) n 


VT 


( V' 


...» x ^ ? • • • i x n _ m ) i w - • 'Xj ... w jj, and x — x.. • • • , 
and is called an ( m.n-m.«a~. k) -coupled t ransla tion ((m, 
T is an (m, n_m , , k)CT iff T = T (G) for some (n,o~, 

The language ge ner ated by G over the alphabet I 


x n_irJ ’ 
n-m , cr , k)C 

k) CG G. 

= v T , 


denoted by L(G) is: 

£w|v. is in V f jt , (3) n — (v.^ , . w n ) , and w = ... w n ^ , 

and is called an ( n, <r, k) -c oupl ed langu age ( ( n, cr. k)CL) . 

T is an (n, n,0~, k)CT, m > 1,n > 1, iff T = I m (G) for some 
(m, n ? cr, k)CG G-. Similarly, L is an (n, < r~, k)CL iff L = 1(G) 
for some (n,or, k)CG G. 


*** 
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'He note that an (l,l,k)CT is the same as the 'syntax 
directed translation of order k ! defined in (3 ). 


Let us nov, rive notations and definitions for the 
various classes of translations and languages, which we will 
be interested in, in the rest of the thesis (all of which are, 
of course , subclasses of coupled translations and coupled 


languages , respect ivel.y) 


^(rn n cr k) (ienotes class of (rr,n,o~, k) -coupled 

translations. Omission of the parameter k in Q, , N 

1 gi-.i , n , <r, k) 

denotes the union of this class over all possible values of 
k. Omission of 0" denotes its union over all possible values 
of cr such that (m + n, cr , k)GG is realizable (See 'theorem 1.1.1). 


In this manner we have the classes of translations (2 

,1 


! 1 'j 

and “ the mlion of < d(m,n,k-) over a11 

possible values of k. (2, is the union of (2- 


(m,n,cr) 


"(m,n) 


over all 


possible values of m and n. 


L 

(n s cr, k) 

guageo. Similarly as above, omission of a parameter .indicates 


(2/ v, v \ denotes th,. class of (n,cr, k) -coupled la li- 


the union over that parameter, thus v/e have the classes of 

, A, (2 ri and . 

sT 




T is an q-c ounled translation 1 ( qCT) iff it is in (2 a . 
(Notice that a can have one of the values: (m,n,<r) , (m,n,k), 


1. Notice that because of various contexts like: /^-simplicity 
is a sequence of sets, etc, there should not be any confu- 
sion about the terminology. 
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* 

(m,n)). It is a coupled tr a nslatio n iff it is in - 

L 

L is an .g-coupled. l angu age ( otCL) iff it is in (2, 

(■Notice that a can ha vc on^ of the- values: (n,cr), (n,k),n). 

1 

It is a coupled , la nguage if! it is in <2- . 

let Cx = (V N , V Ts P, (S) n ) be an (n,k)SCG. Then, T m ( G) , 
1 < m _< n_l is called an (nu n-m.iO- simpl e cou pled tr anslation 
( (m , n-m , k) 3CT ) . Similarly, L(G) is called an ( n.k~) -simple 
coupled language ( ( n , k) SCI ) . 

cl 

n k) & en °‘t' es tlhe class of (m,n,k) -simple coupled 
L 

translations. 4^ ^ denotes the class of ( n,k) -simple coupled 
languages. 

In 2S( rn r] , the parameter k or all the parameters 
m,n, and k may be omitted which would mean, similarly as 
above, union over all possible values of the omitted para- 
meter(s). Similarly, in %> , , , ^ , k or both n and k may be 
omitted which would mean union over all possible values of 
the omitted pa remoter (s) . ions, we have <#/ . \ 

^ Hi j xl f 

oft ra ns la t io n a a nd % ^ a s c la s s o s of la npua ye s . 

n 

T is an (m.n) -simp le co u pled tra nslat ion ((m,n)SCT) 
iff it is in and is a simpl e co upled t ransla tion ( SCI) 

iff it is in 

1 is an n-simple coupled language (nSCL) iff it is in 

Xj Xj 

and is a simple coupled language (3C1) iff it is in %> . 
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Let & = (V H , ^V T , U ... UV T 7 , P, (S) n ) b j an nRICG. 
t 1 nj 

Then, T (G) is called an ( m . ii-ia) -righ t l inear coupl ed trans- 
lation ( ( n , rum ) R1CT ) , 1 .< m _< n_ 1 . 

Similarly., L ( G ) is called an n-r ight l inen r, cou pled 
la ngu a ao ( nRLCL ) . 


1 is an (m,n)RLCT, m > 1, n > 1, iff 1 = r J? m (G) for 
some (r;i+n)RLCG G. Similarly L is an nltlCl iff L = L(G) for 
some nRLGG G. 

denotes the class of (m,n) -right linear coupled 

? L 

translations. ^ denotes the class of n- right linear coupled 

L 

languages and ,p v denotes class of right linear coupled languages 


Example 1.2.1: 

Let G he the (2,1) SCG of Example 1.1.3. It is easy to 
see that T^(G) = ^(a^b* - , c^) | I > 1^ . We observe that T^(G) 

is an ( 1 , 1 , 1 ) SCT . Also, the (2,1) SGI generated by G is 


L( G) 



a 1 b 1 c 1 | i 



•)f -H- 


It is well known (14) that the language 



Is not a context-free language. Thus we have: 


Hot all languages in 1) are contex ^~f ree * 
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toLml.e . 1 ^ 2 : 


Let G be the (3, 0, 2)CG of Jlxample 1.1.4. It is 

easy to see that 


l 2 (g) 

and 

L(G) 


n s u r n n n n. n n 

a 1 b 1 a 2 V > s 3 b ; a 4 b 4 a 5 b 5 a 6 b 6 > i " r n 


n R n l " 2^ n 2 " 2 v ”2 " lv"l 


n„ n. n 0 n. 


(a 1 2 W'S'S^VVV’ a 5 ' l b 5 1 a 6 2 bg 2 )|n 1 ,n 2 > ij- 


2 

1 ’“2 


> 1 


n s n n n n n n n n„ n 0 ip 
a 1 b„ ayb^'-a/' b, a „ ‘b, ‘a r 


n. Up n ? 

1 U 1 "2 u 2 *3 u 3 a 4 u 4 ;i 5 b 5 a 6 b 6 l 3 V n 2 ± 1 } 
Ge not ice that T^G) is an ( 1 , 2 , 3 j , 0, 2)CT, T 2 (G) 


-Ny — 

is an (2,1, , 0, 2)CT, and 1(G) is an (3, { 3 ]- , 0, 2)CL. 

**# 

be will now see that the domain as well as the range of 

coupled translations are coupled languages. In this connection,, 
* “• *1 

we will define the ’m- input grammar' and the 'n-output grammar’ 
of an (m+n,p-,k)Cb. The idea behind these definitions is that 
the domain and the range of the m-translation generated by 
An (rn-Hijcr ,k)CG G are generated by the ra- input grammar and the 
n-output grammar of >•*, respectively. 

Lot G = (V H , V T U ... (J V T , P, ( S) ra+n ) , be an 

1 m+n 


m+n , 

(m+n , < 3 - , k)CG, m 2 1, n _> 1 , where or - 5 ^..., ^ 

The m- input grammar of G is defined as: 


m+n_i 


& . 
1 


(%> tj ... (J^i j (S) m ), where 

1 J ‘m 


r "1 m 

^ - ( ( a.j , "Tvj ) , ..., (a to ,7V m ))| a nonterminating 


1, We use these concepts later also. 
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production: A - ( ( ^ , 7^ ) , . . . , ( n^.. 7^ n+11 ) ') , in in p]- U 


A ^ ' v : ^ * • • » , 


m 


) j there is a terminating production: 


( v - 1 5 * * * 5 ”’ir,+n^ » in r J" * 

The n -outout rrramma r of G is defined as: 


( v l> V T U ... U % , T 0 , (S) 11 ) 


o 


rn + 1 


nH-n 


where , 

A 

x o = ^ ^ » "^Sn+1 ^ ’ • • ’ S.i+n ’"^m+n^ - 1 1 tllere is 

a no nt e rm i na t i ng production: u - ( ( a, , Tvj’) , . . . , ( « ri+n ,' 7 ^ a+n ) ) , 


in r< 
t io n : 


U jhA - (w m+1 , w m+1J ) | there is a terminating produc- 


( w , 


w. 


m +n 


) , in pj. 


**# 


we 


observe that the order of 0. is k and the Xl-simpli 


:l 


city of u ± is <r^ - ^ 0 £ 2 , . . . , mj , . . 
Also, we observe that the order of G is k and if its /j^-simpli- 


y 

city is dT - S 1 , . . . , Sn_i , 


then 






, 1 < i < n-1 


a |il rn+ i is in t> r +i ^ 

It is easy to prove the following lemma we will omit 
the proof: 


Lemma 1.2. 2 : 

lot G = (V N , V T U ... U V T , P, (S) ra+n ), be an 

1 m+n 

(m+n,g-,k)CG such that Q? m (G) is the given (m , n,tr,k)CI 1. let 
G i and G q be the m-input and the n-output grammar of G, res- 
pectively. Then, the domain of 1 is XCG^) and the range of T 
is l(G o ). 


*■** 
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We thus have: 


Ifispjm jl jlZmJj. 

Let cr = S-. ^ 

•^1 ’ ’ ^ nw-n-1 

(a) The domain of every (m ,n,<j-,k)CT is an (is, on.', k)CL, 


where 


where if 0~ 


°~i ■!$ -[ ) "^2 j • • . >m^ , ♦ * • > ;> -j H ’^2 ? » • - ? m | . 

i 


(b) The range of every (m,n, , k)0T is an (n, on , k)CL 

-j -j > • • • 


1 V 


o 


1 < i < n- 1 . 


^n- 1 


then 


,] in+;j is in 


*-K* 


>.e now come to a lemma which will justify a convention 


that we will usually follow in the rest of the thesis. This is 
about the fact that having the permutation in the first compo- 
nent of a form in an n-coupled grammar as a non- identity per- 
mutation does not convey any more information about the form 
than having it as an identity permutation. 


Given an (n,CT, k)CG G- - (V :] , V, L , J?, ( S) n ) such that 
for some nontermi rating production: 

A ^ ) , .... ( o^, 7^) ) , in P , is not an ident ity 

permutation, we can construct an (n,<r, k)CG &' = (7 N , Vy , P',(S) r 
such that all nonterminating productions in P* are of the type: 

A - (a,,, (a^,/^)), and T^G) = QL ( G ’ ) 

for all i, 1 < i < n-1 (and hence L(G-) = L(G-')). 
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F£oof: 

The construction of &' from 7 is as follows: The term! 
rating productions in P 1 are the same as those in P. The non 
terminating productions in P* are constructed as follows: 

(i) Add to P ! all nonterminating productions of P of the 

type • A ( o.,j j ( (Xg 9 X 2 ) ’ ... 5 ( cXj. , "77^) ) , 

(ii) For each nonterminating production: A ( ( a.| , ) , ... 

(a^A^)) in p such that 7V ± 3 not an identity permutation, 

add to }? ' the production: 

/ / 

A - ( a 1 , ( Og , '*' 2 ^ ’ • • • » ( a u , 7T n ) ) , where ii A, is a 
permutation on in objects then for all i, 2 _< i < n, 

w: = ll^CAjd)), .... W(*,0»))]. 

/ 

Observe that the definition of is such that the 

correspondence between the nonterminals in in the 

/ / , 
form: ( , (a 2 ,7i ? ), ..., ( a n , ^ n ) , (which is a form in G ) 

is the same us that between the nonterminals in a., ..., a n , 

in the form: 

((a^X), . . . , (a n ,7\ n )) (which is a form in G-) . 

It is obvious that G-' is an (n,cr, k)CG. The result 
follows now. 


Q.B.D. 
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Ejca mj? 1 e, 1.2.3 : 

We shall illustrate how, in the above lemma , &' is cons- 
tructed. from G. 


Let G be the mrammar given in Example 1.1.1 vie., 

G = (Vj.-, V T , 1-, (S) 5 ), where , V lj} = -^a ,bj-, and 

P comprises of the productions: 

1. 3 - (UB, [-2,1] ) , La, (AB, [2,1])) , 

2. A - ( ( Aa BA b , |] 2,3, 1 J ) , (mnABii, [2, 1,3,1 ), (AAbbS, [3,2,1] 
'j m A (e,s,o), a nd. 

4. B -* ( b , C, t). 


Observe that 



Now, G' = (V N , V T , P’, 


productions: 


0, 3)00. 

'Z t 

(S)^), where P comprises of the 


1. S - (AB, (BA, [2,1]) , AB) , 

? . A - ( Aa BAb , ( aa ABA , [ 3 ,2,1."]), ( AAbbB , [l , 3 ,?”))) , 

3. A - (a,a,t), and 

4. B - ( b , C , t). 

Again, observe th.«t G* is an (3, ^3j* , 0, 3)00. Also, clearly 

5 

for v.n, 1 < i < 3 , in ( S) => (w^ , w 2 » ^3)5 iff 

3 * 

(S) ==> (w 1? w 2 , Wj) . 
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We now give the following convention: 

Conv ention 1.2.1 : 

Unless otherwise specified, it shall always "be under- 
stood that all nontorminat ins productions in an (n,<t“,k)CG • are 
of the type: A. - ( 

1 • 3 n- U l RIVAx IO H 1RUES ^ : 

'he know that the concept of a derivation tree plays an 
important role in the theory of context-free languages. Can 
we have a similar concept for coupled languages and coupled 
translations? In this section, we shall discuss a similar 
concept: n-derivation tree , n > 1, which, as we shall see 
in the next chapter, plays an important role in studying the 
structure of coupled languages. 

n_derivation trees will he representations of derivations 
in n-coupled grammars , similarly as derivation trees are repre- 
sentations of derivations in context-free grammars. 

how , wo introduce the concept of an r— derivation tree 
and some related concepts, through the following recursive 
definit ion: 

1. Concepts about trees, which are not defined here can "be 
taken from ( 1 8 ) . 

2. While defining an n-derivation tree in an n-coupled grammar 
G, we will not assume that G is such that the permutations in 
the first components of the forms which comprise the right 
hand sides of the nonterminating productions in P, are 
necessarily identity permutations. This is just a matter of 
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let G- = (Vjj, Vj, , P, (S) n ) bo an (n,cr,k)Ck. an n-tuple 

T •= <T ^ T n > of labeled rooted trees with permutations 

-1 

associated with some nonpendant nodes in 3k, is an n-deriva- 
tion tr.;o in G if: 

1. Thu label of jv ry nonpendant node is in V\j and that of 

every pendant node is in ■ livery node in Id , having 

id (> 1) nonpendant direct descendants, is associated with 

a permutation on m objects. 

2. The root of e-cn tree Id has label S. The n-tuple: 

<R. , R n >, is called an ri-node of T and is said to have 

labe l G. It is also called the n-roo t of T. 

3. Let <N , . . . , N n > be an runodo in T with label A. let 

"7*1 be the permutation associated with I'd . let _ 

be the labels of the direct descendants of Id in order from 
the left. Then A -* a, is a production in P, where 

a “ •** “ ir^ 1 5 * * f ^nl *** A nm I) , ' 7V n^- 

If h i ir: n direct descendant of If. ia T. , -| <_ i _< n, such 
that the labels of Ik, 1<.l<,n, enrr :np uid with each other 
in the form a (in G) , then the n-tuple: <Iv: ^ , . .., M n > is called 
an n-n pde . Clearly, oaoh Ik has the same label, this common label 
is said to be the label of the n-node: <M^ , . . . , M n >. 


1. Actually all those nodes which have nonpendant descendants. 
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4. Let a^ , . be the labels (all in Y-, O -< £> ) 

i L J 

of the direct descendants of II, in order from the left. Then, 

® -j jrj ’ • • • 5 ^ rxn ) ? 4^ -t 1 • 

*** 

'then we say that T is an n-derivation tree, it will be 
taken to mean that it is an n-derivation tree in some (n,<f,k)CG. 

L'e observe that if T = <T f J? n > is an n-derivation 

tree in an (n ; <r,k)CG in which each nonterminating production 
is of the type; A - ( ^ , (a. P ,7^), . (a n , 7^)), then all 
permutations associated with nodes in T will be identity per- 
mutations. (Note in this connection Convention 1.2.1). 

The following are the definitions of certain concepts 
related to the concept of n-derivation trees. 

Let T = <T^ , ..., T n >, be an n-derivation tree in an 
(n, o~, k)CG. 

Lot p, - i'. , ..., K. bo a path in ! . such that N 

is the root of and is the ' farthest * nonpendant node 

from (on this path) and for all a, 1 < s _< rn, = <N 1q 

..., N ns >, is an n-node in T. Then the n-tuplo; <p 1 , ..., p n >, 

is called an n-path in T; the paths p^, p n arc said to 

corre spond with each other. The same n-path may also be 

1. If there is no permutation associated with a node in T^ 
which has got nonpendant direct descendants, then it will 
be understood that the permutation associated with it is 
an identity permutation. 
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represented as a sequence of n_nodes: H. , (The 

lengt h of this n-path will be m-1).- 


Let f 1 = <p 11? 

. . . , p 

rn >, and 

A = 

p 2 -j ? ..., 

p 2n > 7 

be n- paths in T . I ^ 

is sa id 

0 C: 1j 

o the 

left, of r 2 

iff p^ 

is to the left of p~. 

21 

in 1 . 





a subtree of i 

is the 

u-tuple 

: T s : 

<^rjiS 

-] 5 ♦ ♦ • 9 

T®>, such 

that (i) R s = <R®, .. 

R s > 

* * if 7 

is an a 

• node 

in T. (ii) 

T®, 

i ’ 


1 < i < n, is a subtree”* ox T . root of at R s . II s in called 

i. i 

the n.-i.’pjQt of T s . 

Let a? be the result of Tf, then (a®, . .., ap is said 
to be the n- re suit of 'I s and <y h = ex® ... a® is said to be the 
result of T b . 

Let us illustrate the concepts introduced above, through 
an example. 

Example 1,3.1 : 

Let L = (|G,a] , £a 5 h,o| , P, (3) 5 ), be a (5, 0 , ffj- ,2)CG, 
where P comprises of the productions: 

1. S -* (AcAc, (Acac, [ 2 , f j ) , (AcAc, [2,1])), 

2. A -•* (a A , aA, aA) , 


1. The subtree of T. rooted at R® is the node R? together 

l i i 

with all its descendants, the edges connecting them, their 
labels, and the permutations associated with them (if any). 
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3. A - (bA, bA, bA) , 

4. A - (a , a , a) , and 

5. a - (b, b, b). 

Vie shall graphical!./ represent a 3 -derivation tree in G-, 
just this once with circles instead of points for the nodes. 

The ordering of the trees comprising the 3 -derivation tree will 
be the same as the left to right ordering of the trees in the 
graphical representation. The nodes will be numbered for the 
sake of reference. The labels and permutations (if any) will 
be shown adjacent to the nodes. Edges are assumed to be directed 
downwards. See Figure 1.3.1. 


In the 3-derivation tree shown in Figure 1.3.1, <1, 14, 27>, 
<4, 15, 28>, < 2 , 17, 30> , <7, 22 , 35>, <11, 25, 38 >, and < 9 , 20,33> 
are 3-nodes. < 1 , 14, 27> is the 3 -root of the 3-dorivation tree. 


Let Pl1 = 1,2,7,11, p 1? = 1,4,9, p 21 = I- 4 , 15, 20, p ?? = 14,17, 

22 , 25 , p^ = 27, 2 33, and p ^ 2 - 27 , 30, 35 , 38 , be some of 

the paths of the thru- trees. Then, among others, <p^ , Ppo ^ 32 ^ > 
and <p 12 , p 21 , p^>, arc* 3 -pa the in the 3 -derivation tree. 
corresponds wit b p„ of and with p...,.,. Similarly , p 12 corres- 


ponds with P 2 -|5 and with 


The 3 -path < Pl1 , p 22 , 


also be represented as the sequence of 3 -nodes: 


p^ 0 > can 


< 1 , 14, 27>, < 2 , 17, 30> , < 7 , 22 , 35>, <11, 25, 38 > . 












45 


Similarly, th„ 3-path <p 12 , p 21 , P 31 >, can also bo repre- 
sented as: 


<1, 

1 4 , 

27> , 

<4, 

15, 28> , 

<9, 

2 ' 

, 33>. 

The 

la b v. 

!l of 

the 

3_ node: 

<1, 

14, 

27> , is 3. Similarly, 


the labol of the 3-node: <7, 22, 35>, is A. 

The 3-path: <p 11? p 22 , p 32 >, is to the left of the 
3-path: <p^ 2 , Pg-j > ^31^* 

The 3-result and the result of the 3-derivation tree 
are (baacabc, abcbaac, abcbaac) , and (baacabcabcbaacabcbaac) , 
respectively. 

Figure 1.3.2 represents a subtree of the 3-derivation 
tree with the 3-node: <2,17,30>, as its 3-root. 

*** 

We now give a lemma which establishes the relationship 
between the derivations and the n-derivation trees in an n- 
coupled grammar. Its proof is on the saiiiu lines as that of 
the corresponding result for cont net-. free grammars (18), and 
we omit it . 

Lemma 1. 3.1 

Let G = (V a , V T , 1, (S)“) be an (n,rr, k)CG. Then, 

( S) n (w 1? ..., w n ), w. is in 7*, iff there is an n-deriva- 
tion tree T = <T , . .., T. n >, in & with n-result ■ (w 1 , .w n ) . 

(T is said to be an n_derivation tree of the sentence w = w 1 . ..w n 
in &) . 
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1 . 4 3 ILPLIF 1C AT 1 0 7 OF COUPLER nRA KbudlS: 

In this section, we prove only those simplification 
results for coupled grammars; which will be useful in later 
chapters. Thus, this section does not exhaust all possible 
simplifications of coupled grammars. Essentially we prove, 
here, the 'normal form' theorems for coupled and simple 
coupled grammars. 

l/e know that any context-free language can be generated 

by a context-free grammar in Chomsky Normal Form ( 8 ). Can we 

have an analogous result for coupled languages? \7e will see 

that this is true for simple coupled languages only and not 

true, in general, for coupled languages. We will in fact see 
in the next chapter that 'order' of coupled grammars gives 
rise to a hierarchy. The following result, however, does hold 
for coupled languages and coupled translations. 

Lemma 1.4.1 : 

Any (n,o“,k)CL (or (m,n-m,o',k)CT) can be generated by 
an (n,<r, k')CG G- - (V^, V fjl , P, (S) 11 ), whore k' = k if k > 2, 
k' < 2 if k < 1, and the productions in 3? are only of the 

type: A , ( ^2 ’ ^ s • • • » ( i-n’ '^n^ ^ ^ ^ f ***s » 

and b ± in vj - , and Vj. U , respectively. 
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Proof : 

It suffices to prove that given an (n,<r; h)CG G* = (V^, 

V T , p',(S) n ), we can construct an (n,0' J ]c')CG G = (V w , , P, 

(S) n ), which satisfies the conditions specified in the lemma 

such that for w. in V,*, ( S) 11 ==>(vv , . . . , w„) iff (S) n =f=> 

x G 1 ri G 

( v. T ^ , . • . t v, j^) • 

l.e construct G from G* as follows: 

To start with, V rj = and P = 0. 


i'or each nonterminating production 


"f : A ^ Vv 1 1 A 1 w 12 • * * A rn w 1 ( m +1 ) » ^ w 2 1 * 7^, ( 1 ) w 2 2 


w 00 ... k 


^(m) w 2(m+l) 


, . . . , (w n iA^d)W n2 . . . , 7^ n )) 

in P* , where A. is in V T ' r and v. is in Vm , we add to V w , new 


nonterminals C. 


, — , C rn+1 and B 1 , D m+1 and add to P the 


following productions: 




^in+i ^ Vv l(m+l) s * " * ? w n(m+i)^» 

3. G ni+1 "* (° 1 c m 5 ( C ^(i) 2^ ’ 

••• C ^(ni) ’ 7 Si^ ’ 

4. C. - (D,A.) a , 1 < j < m, and 

v J J 

5 * (V/ 1D’ W 2^ 2 (d)’ " * ’ W n 7 ^(o) ) ’ 1 “ j “ m * 
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( Noise that since G^, — , C ffi+1 and D, , D m+1 occur only 

in the productions introduced above, these productions can 
only produce the effect of the production ) . 


for each terminating production 6 : a - (w^ , w n ) 


t 


in P , 

we add to V-,,, new 

no nt 3 rm i na 1 s E ^ , 

— , E , and 

Jr 

F 

x -j 9 • 

F 0 , 

P -2 ’ 

where p = max 1 , , 

. . . , l ri | 9 bp = 

jw^j , and add 

to P 


the productions: 


f 


^ <WW“’ 1 * 1 <■ P-3. *p_2 


n 


3 , ±1 


( Vi e p 


and 


(b 


il 


, b. ), 1 < i _< p, where b.. is given by the 
1-1 


following rule: For those j , 1 < t i < n, such that jw^j > i, 


b. . is the i-th occurrence of a symbol in w . , in order from 
J J 


the left, and for all other 3, b.. = S. 

J 

(Again, note that since E , and F^, F^_ 2 , occur 

only in the productions introduced above, these productions 
can only produce the effect of the production 6). 


We omit the rest of the proof, which is straightforward. 

'4.E.D. 


The following will serve as a useful definition, later: 
Let & = (V N , V T , P, (S) n ) be an (n,cr,k)C&. let 

( o) V 1 ( OC j ^ , ( ftjj 2 j "^*-j 2^9 * • • 9 ( 0”-] 9 ^ ^ -| 9 

( a m2’ Vr m2)> * ’ be a dsrivation G * Let “n = 

x i1^i1 ^il ’ 1 1 < m » where x^ is in v|, p i1 is in 

(V.jU'V'j.)* and is in J N . 
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The above derivation is a le ft mo st der i v at i o n iff 

( a ( i+1 ) 1 ? ^ a (i+l)2 ,7V (i+l)2^ ^ a (i+l)n j7<r (i+l)n^ 13 

obtained from (c^, ( c i2 ’ ^ ’ • ••, ( o' ln , ) by expanding 

A i1 , 1 .< i < m. 

Based on the above definition, we have the following 
result which is similar to the corresponding result for context- 
free languages ( 18) ; the proof is also on similar lines and we 
will omit it . 

Benina 

let G- = (V N , V T , P, ( S) n ) be an (n,cr, k)CG. for w. , 

1 <. i < n, in V* , if (S) 11 =^(w 1 , . w n ) , then ( S) n =^>(w 1 , 
w ), by a leftmost derivation. 

***• 

We now state the 'normal form' definition and the 
'normal form theorem'. 

An (n,cr, k)OG, G = (V^, V (J , , P, (S) n ) is said to be in 
normal form if it satisfies the following conditions: 

(i) P comprises of productions of the type: A - ( ^ , 

(p n ,7V n )), or A - (b r b n ), only, where A is in V N , 

is in V* _ , and b ± is in V T (J ^ 6^ , 

(ii) ’ S does not appear on the right hand side of any pro- 
duct ion. 
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(iii) • If a / S, then A - (e) 15 , is not in P, 

(iv) For no a and B in V^, is A -* (B) 1J in P. 

*** 

note that if G- is an (n,tT,k)CG- in normal form, then 
k cannot be equal to one, 

theore m 1,4.1 (normal i'orm Theorem): 

Any (n,«r;k)CL (or (m,n-m,cr,k)OT) can be generated by 
an (n,cr, k')G& G = (V^, , P, (S) n ) in normal form, where 

k' = k if k > 2 and k' <2 if k < 1 , 

Proo f: 

In view of Lemma 1.4.1, it suffices to prove that given 
an (n,cr,k)CG G ' = ( V^, , P 1 , (S^) 11 ) satisfying condition(i) 

of the normal form definition, we can construct an (n^^CG 
G = (Vj, Vm , P, (S) n ), in normal form, such that 

(S) n ==4> (w,, ..., w ) iff (S.) 11 w ), 

‘a Cr xx 

where is in 

This proof is on similar lines as that of the corres- 
ponding result for context-free languages (18) , We shall, 
therefore, only give thu various constructions and note some 
crucial points. We shall construct G from G r in three parts 
as follows.: 

(a) Let G* = (V^, V T , P', (S 1 ) n ) be an (n,cr, k)CG 
satisfying condition (i) of the normal form definition. r ^ , t 

C£.u i .■<< ,L LIBRARY 

L75IF0 




52 


Let S be a symbol which is not in (J Y^. Let 
G = ( V L» V T> ( 3) n ) , where and 

P = P ' U ^"s a j 3^ - a, is in p' J. . 

we observe that G satisfies conditions ( i) and (ii) of 
the normal form definition and is an (n 5 <T~, k)CG. 

(b) Let G 1 = (Vjj, V T , P', (S^”) be an (n,0", k)CG 
satisfying conditions (i) and (ii) of the normal form definition. 

Ye note that according to Theorem 4.2.3, we can decide 

whether (A) 11 =4> (G) n , for any A in v' r . If A / S, and 
G* ‘ 1 

(A) n -' 7 > (G) n , then say A is " type 1". Otherwise, say A is 

r\ ‘ 

\J 

'type 

Let G = (V w , Vrp , P, (S) rj ) be an nCG, where = V^, 

S = 3^, and P is constructed from P* as follows: 

1. The terminating productions in P are the same as 
those in P ' . 

2. If (,3,) rj ==$ (u) n , then 3 - (fc) n , is in P. 

1 G 

3. ho other production of the type : A -(G) , is in P. 

4. If A - ( B 1 ... B m , ( f 2 , A ? ) , . . . , ( p n , 7V n ) ) , is a 
no ntermi rating production in p', then each production of the 
form: 

/ / 

A — ( cx^ ... ^ » ^2 ^ ) , 

is in P, where for i, 1 < i < m, if is type 2, then = B^ 
and if B.^ is type 1, then may be B^, or c, and each ^1 is 

in vt -fe? . 
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Note that since G is an (n,c T*", k)GG satisfying condition (i 
of the normal form definition, once the permutations , . .., 
TV^, and the string B^ ... B m are specified, ( , "TC,) , 
i W^) ’ S 3 ^ uniquely specified. Similarly, because G 
is an nCG and ^ » 2 £ i ( n, is in V-^ - {*} ’ <*2^2>> 

> 7S ^ 11 ) » get uniquely specified from the string a 1 ... a^, 
and the permutations TV ? TV^. 

Also note that each nonterminating production in p' gives 
rise to itself in P and may give rise to one or more additional 
productions and the 'additional' productions in P do not 'con- 
tribute' to the ^-simplicity of G (i.e., the JL - simplicity 
would be the same even if these productions were not present). 

Observe that G satisfies conditions (i), (ii), and (iii) 
of the normal form definition and is an (n,cr“, k)CG. 

(c) Let G' = (V^, V T , P\ ( ) n ) be an (n,c r, k) GG 

satisfying conditions (i), ( ii) , and (iii) of the normal form 
definition. Lot an nGG G = (V^, Y^ , P, ( S) ) be constructed 
from G* as follows: 

Y n = v’ , Sl = S, and P is constructed from p' in the 
following manner. 

Call the productions in ?' of the type A - (B) n , where 
B is in V^, as " type 1 " productions. Call all other productions 
of P 1 as " type 2" productions. 
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i'irst Include all type 2 productions of p’ in P. Add 
to P all productions: 

A - ( a 1 , ( a 2 , ~K 2 ) , . . . , ( a n , ) , where 

E "* C c y 1 s ( a 2 , 7Sp , . . . , ( Q' n , 7^) ) , is a type 2 produc- 
tion and (A) n =^=> (B) n . 

G 1 

We observe that we can easily test If (A) n (B) n , 

G 1 

since if (a)” =r> (B.) n =4> . . . ===>(Bj n =k> (B) n , and some 
G 1 G' G ra G' 

nonterminals appear twice in the sequence, we can find a shorter 
sequence which uses type 1 productions only such that 
(A ) 11 (B) n . Note that (A) n ==->(B ... B , (a OJ 7v,), 

. .., (c; n ,7V n )) ~=XB) n , where m > 1 , and B , . . . , B m are in 

Vjyj , is not possible because G satisfies condition (iii) of 
the normal form definition. 

Observe that G is an (n,cr, k)CG in normal form. 

Q.E.D. 

Oor. 1.4. 1. 1 : 

Any nCL (or (m, n-m)Of) can be generated by an nCG 
G in normal form. 

*#* 

We now have the normal form definition and theorem for 
simple coupled grammars. To distinguish it from the normal 
form of coupled grammars, we call the normal form of simple 
coupled grammars as the ’simple normal form’. We will see 
that the simple normal form for simple coupled grammars is 
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very much like the 'Chomsky formal Form' for the context-free 
gramme rs ( 8 ) . 

An nSCG G = (V^, Y^ , P, (S) 13 ) is said to he in simple 
normal form if it is in normal form 1 and the nonterrninat ing 
productions in P are only of the type: A - (BC) n . 

Theor e m 1.4.2 : 

Any (n, k) SCI (or (m, n-m, k)SCT), can he generated 
by an (n, k’)3CG G = (Vjj, , P, ( S) * 3 ) , in simple normal form, 
where k* = 2 if k > 2 and k' _< 2, ot hem/vise. 


Proof: 


In view of Theorem 1.4.1, it suffices to prove that 
given an (n, k)SCG, k > 2, G* = (V^, V T , P 1 , (S) 13 ),,in normal 


form, we can construct an (n, 2) SCG G = (V-^, Yj, P, (S) 13 ) , 
in simple normal form such that for w. , 1 < i < n, in Vm, 


( s) ( w 

Gr 


1 * 


w n ) , iff ( S) 


y> (w i > 


’ w iV 


In order to get G, we modify G 1 , by adding some add it io ml 
symbols to Vj. to get Vj lT and by replacing some productions of 
P ! to get P. 


For each nonterrninat ing production: A - (B^ ... B m ) , 
in P, where i ) 3, we add new nonterminals 1)^ , ..., I) m _2 ? arK ^ 
replace A - (B^ ... B^ 33 , by the set of productions: 


1. Note that every nSCG is an nCG. 
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A - (B^) 23 , 

11 1 ~ ^ li 2 D 2' ) ’ 


D 


m-3 


L 


m-2 


(VA-a* 1 ' and 
'ViV”’ 


Note that since the nonterminals D 


1 


> D m-2 are 


used only in the above productions, the above productions 
produce the same effect as the one they replace. 


We omit the rest of the proof, which is straight- 
forward . 

Vi.-B.D. 

6oi\. : 

Any nSCL (or (in, n-m ) SGI ) can be generated by an 
nSCC- G in simple normal form. 

1.5 CONCLU SION S; 

In this chapter, we hove provided the infrastructure 
on which the thesis is built. 

n-coupled grammars, the way derivations are defined 
in these grammars and the concept of the order of these grammars 
are generalizations of the corresponding definitions for syntax 
directed translation schemes (3 ). In addition to the order, 
we have defined the degree and the ^-simplicity of coupled 
grammars. All these parameters which are indicators of the 
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complexity of these grammars induce structure on the languages 
and the translations they generate, as we shall see in the 
next chapter. Out of the three parameters, the ^-simplicity 
is a novel and an interesting concept. 

An interesting thing about coupled grammars is that 
they can generate both languages and translations. We have 
found out that tho domain and range of (m,n) -coupled transla- 
tions are m-coupled languages and n_ coupled languages, respec- 
tively. This fact motivates us to concentrate our attention 
on coupled languages only. We shall see in the next chapter 
that certain structure results for coupled translations follow 
as corollaries to the structure results for coupled languages. 

n-coupled grammars are very similar to context-free 
grammars. We have found out that this similarity extends 
beyond just definitions — it extends to many results as well. 
This fact will be supported, as we proceed further. This is 
certainly an encouraging feature of these grammars. Our empha- 
sis in the thesis will not, however, be on this fact, nor is 
our aim to exhaustively investigate as to which of the results 
for these grammars differ from those for context-free grammars. 
We will be concentrating on certain special aspects of these 
grammars like the' structure results, machine characterizations, 
relationship with some known classes of languages etc. , of the 
languages and/or translations generated by these grammars. We 
will be, however, continuing to keep a close touch with context 
free grammars by pointing out similarities, wherever possible. 


In this chapter, we have singled out two subclasses of 
the class of rucoupled languages viz. , the classes of n_simple 
coupled languages and n-right linear coupled languages. We 
will find in Chapter 5 that the class of n-simple coupled 
languages is the same as the class of simple matrix languages 
of degree n (ig)and the class of n-right linear coupled lan- 
guages is the same as the class of equal matrix languages 
of order n (34). This makes us feel that it should be possible 
to define some restricted types of matrix grammars ( 1 ) which 
will bo equivalent to n-coupled grammars. 

The concept of n-derivation trees and related concepts 
which wo have defined in the chapter play an .Important role, 
particularly in the next chapter. 

While giving simplification results, we have not dealt 
with 'unnecessary' nonterminals i.a. those nonterminals which 
cannot bo 'reached' from the start form or those which cannot 
get reduced to terminals. We, however, conq jeturo that an 
nCG (respectively, an nSCG) can bo reduced to an equivalent 
nCG (respectively, an nSCG) which has not got the unnecessary 
nonterminals. We also conjecture that such a result i s no t 
true, in general, for (n,CT, k)CG's. 





CHAPTER 2 


STRUCTURE RE SOLU S 

In this chapter , we investigate how the degree, 

A -simplicity and order of co ;oled grammars induce structures 
on the languages and translations generated by them and how 
these structures are related with each other. 

In section 2. 1 , we give the basic definitions and 
results which we use in proving the various results of this 
chapter. In section 2.2 we mainly concentrate on the struc- 
ture induced by the degree of coupled grammars. Similarly 
in sections 2.3 and 2.4, we mainly concentrate on the struc- 
ture induced by the A- simplicity and order of the coupled 
grammars, respectively, on the languages and translations 
generated by them. In these three sections which discuss the 
structure results (vis. 2.2, 2.3 and 2.4), we also show how 
these structures are related with each other. Finally, in 
section 2.5, we give some conclusions. 

2 . 1 BASIC DEFINITIONS A ilD RESULTS : 

In this section, we give the basic definitions and 
results, which will help us in proving the various structure 
results later. 

The main result of this section is the pumping theorem 
(Theorem 2.1.1). We will state it in terms of n-dorivation 
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trees; this is part of our strategy for proving various 
structure results later. 

In order to make the proofs less complex, v/e need to 
define a number of concepts about labeled trees and n-deriva- 
tion trees, which v/e do in this section. 

Towards the end of the section, v/e define the concepts 
of 'language simplicity predicate' and 'translation simplicity 
predicate'. These concepts play an important role in proving 
various structure results. The concept of language simplicity 
predicate plays a key role in showing, that the ^-simplicity 
of coupled grammars induces a structure on the languages 
generated by them. 

NOTATION: 

Let T be a rooted labeled tree, and let M be a node in 
T. Then, the result"' of T is denoted as: result (T) , and the 
result of the subtree of T rooted at M is denoted as: 
result (T J " ) . 

Lot M and M be two nodes in T such that N is a descen- 
dant of 1. Clearly, we can write: result (I*’ 1 ) = x( result (T^) )y, 
where x and y are certain strings (possibly empty). The string 
X is then denoted as: 1-result and y as r-result (I^~^) . 

1. For the definition of the result of rooted labeled trees 
and other concepts about such trees (not defined hers) 
see (18). 
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The concepts of (M^ , M^) -related n-paths and paths will 
bo used in the proof of the pumping theorem (Theorem 2.1.1) 
and later also, be define these as follows: 

Let T bvi a rooted labeled tr*^ (respectively, an n_ 
derivation tree). A path (respectively, an n-path) P in T 
is said to be (M , M^-relat ed if wi , hi are nodes (respectively, 
runodes) on P, being a descendant of 1^, such that the two 
have got the same labels. 

•dote that if P is an (M , M^) -related path in a deri- 
vation tree of a context-free grammar, the labels of and 
will be (the same) nonterminals in the grammar. Again, if P 
is an (M.j , Mg) -related n-path in an n-derivation tree of an 
n-coupled grammar, the labels of M and Mg will be the same 
nonterminals in the grammar. 

The following lemma follows from the definition of the 
n-derivation trees. 

Lemma 2.1 .1 : 

Let T = < T , . . . , T n >, be an n-derivation tree. Let 
P be an n-path in T, and M = < M 1n >, M 2 = <M 21 , . . . ,M 2n > , 

two n-nodes on P, such that for some i, 1 < i < n, there is an 
(M if M 2i ) -related path in then P is (M^ , M 2 )-related. 


.V _VL 
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Now, we come to proving the pumping theorem for coupled 
languages (Theorem 2.1.1). We will first state the following 
lemmas its proof is simple and is omitted: 


M SSa_Z*JL_2: 

Let T - < T , . . . , T. n > , he an u-derivation tree in 
an (n,<j", k)CG, G in normal form. Let 1 .< I _< n. Let 1 be 
the maximum number of direct descendants of a node in T^, and 
let there be no path in 'Ik of length greater than 3, for some 
j, j > 1. Then, |result(T i )| < l'-' 1 " 1 . 

Theore ia 2.1.1 : 

Let L be an (n,cr", k')GL, defined by an (n,cr, k)GG 

”1 ff 

G m normal form , where k = k if k _> 2 and k < 2, otherwise. 
There exist constants p and q, depending only on L, such that 
if 2 is in L, z^ is a substring of z, jz^j > n.p, and the 

p 

positions occupied by the symbols comprising z^ are designated 
as 'distinguished', then: 

(a) there are two n- nodes , M^ n > and 

Mg = < M ?1 , ..., Mjj n > , in an n-derivation tree T = < T^, . . , , 

of z in G, such that 


(i) there is an (M , M,-) -related n-path in T, and 

(ii) for some 3, 1 <. 3 £ n, either 1-re suit (T . J J ) or 

M ._M 3 

r-result (T. ^ contains a distinguished position, and for 


1. See Theorem 1.4.1. 

2. A 'position' in a string of length 1 is an integer i such that 

1 <_ i < 1. We say that symbol a occurs at position i of string 
w if w = and | w-j ] = i-1. 
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each i, /I < i <_ n, the length of the longest substring of 
result (T^ ) which contains distinguished positions only 

is less than or equal to q. 

(b) z can be represented as: 


z = u 1 v 1 w 1 x 1 y 1 


U V W X 7 

n n n r/n 


where 


(i) ( v 1 w 1 ^ 1 , . .., v ) , is the R-result of the subtree 

of 1 rooted at Id , and 


(ii) (w 1 , — , v- n ) , is the n-result of the subtree rooted 
at Mg s such that 

u 1 .v^w 1 x^y 1 . . *u n vjw n x^y n , is also in L for all i > 0. 


Pro of: 


V/e will only prove part (a) of the theorem. Once part 
(a) is proved, the proof of part (b) is on the same lines as 
the proof of the uvwxy theorem for context-free languages( 18) . 

let G = V^, P, ( S) n ) . let m be the number of 

nonterminals in V,,,. 

ihe first thing that we must now do is to say ho?/ the 
values of p and q are to be determined. The general idea is 
to choose p such that there is an n-path in T having two n- nodes 
on it with the same labels. Actually, there is more in it, than 
above, because of the various conditions specified in a(ii), 
which are to be satisfied. 
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We specify p and q as follows: p = k m and q = k 01 , 
if k _>' 1. p=q=1,ifk=0 (note that |z.|>n.p is not 


possible in case k = 0) . 


Let k 2 1* Low, we show , through a sequence of steps 
that with the above choice of p and q, the conditions specified 
in (a) are indeed satisfied: 

1. It is easy to see that for at least one i, 1 < i < n, 

there exists , a substring of result (3k ) , such that z^ con- 
tains distinguished positions only and jz^j > p. Let this be 
the case for I in , t > 1. 

bote that if t > i , then, i , need not refer to 

a consecutive set of trees comprising T. 


t > 1. 


Let i be in 


"^i 'f 9 • * * 5 ip ^ • L 


fe observe that the maximum 


number of direct descendants of a node in any DW is k. Since 
jz^l > P = k 03-1 , it follows, using Lemma 2.1.2, that there is 
a path in T i of length greater than m; there must surely be 
two nodes with the same label on such a path, for m is the 


number of nonterminals in V^. 


Low, for i in 


in ^i^. ..., 


, we show that there is 


at least one choice of nodes and in 3k such that: 
their labels are the same; 


Ngp is a descendant of and 

1; N IT 

either 1-re suit (3k 1 1 ) or r-: 

contains a distinguished position. 


N ,_N . 

) or r-result(T i 11 dl ) 


Call such a choice asV*. 
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Suppose for the time being that there docs not exist 
any or Id. vYe have already shown that there exists a path 
in Id and two nodes, say, 11^ and Np on the path, having the 
same label. Let us reduce 1. by replacing the subtree rooted 
at N by that rooted at (assumim tint is a descendant 
of N ) . Call this as a ’reduction’ of So. Say that 2d ^ is 
the result of a reduction of T and Id , s > 2, is the result 
of s reductions of I., if there exist T. , ..., T. , such 

J- II .L.S 

that 'bj r , 2 < r <_ s, is the result of a reduction of 

Yfe observe that there does not exist Y'for any tree 
obtained from It by s, s > 1, number of reductions because 
otherwise. ~ff' would exist for id also, which contradicts our 
supposition. Now, let bo the result of s’ reductions of 
Id such that there is no path in T^ having two nodes on it 
with the same label. Evidently, Zp (containing distinguished 
positions only) is a substring of result (T^), and therefore 
| re suit (t! )| > p = . Now, using Lamia 2.1.2, it follows 

that there is a path in having two nodes on it with the 
same label —a contradiction. This proves what wo wanted 
to show in this step. 

4. Let X be the set of all i, 1 ,< i < n, such that for 

each i in X, there is a path P i in 2d and two nodes and 
Mp on the path having the following properties: 
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(i) is an (M^, M^-related path in Of ; 

(ii) Either 1-re suit (IE d ) or r-resuit(Of 1 (L ) contains 

a distinguished position; 

(iii) is the farthest such nods from the root of If (the 
choice need not he unique) . 

Note that X is a subset of |~i^ , . .., i^. 7 . , and is 
nonempty in view of 3 above. 

Let 3 in X be such that among the paths R^, . .., m|, 
where i is in X and R. is the root of T., the length of the 
path R.. , M*j is maximum (3 need not be unique). (For the 

significance of 3 and the n-nodes and which wo will pre- 
sently define, see the statement of the theorem). Let 

M 1 = < ..., M 1n >, and = < M g1 , ..., M 2n >, where 

is the same node as M*j and . is the same node as M^. 

5 . We now show that for each i, 1 < i <_ n, the length of 

M u 

the longest substring of re suit (Of 'l which contains distin- 
guished positions only, is less than or equal to q. 

Make ’reductions' (defined in stop 3 of the proof) in 

to . 

Of , which do not involve in the following sense; at no 

stage should the subtree rooted at to be replaced by some 

other subtree, till a tree f” is obtained in which in any path, 

no more than two nodes (in which case ono of the nodes should 

be M . . ) have got the same label. From the way the n-node M. 

11 1 

has been chosen (see step 4), it is clear that any substring of 
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M ' 

result (T^ 1 ) which contains distinguished positions only, 
will be a substring of re suit (T^). lor otherwise"* the choice 
of is not in accordance with step 4 . Now observing that 

ft 

there can be no path in I. of length greater than n+1 , the 
result, which we wanted to prove in this step, follows using 
lemma 2.1.2. 

This completes the proof of part (a) of the theorem. The 
proof of part (b) is now on the same lines as that of uvwxy 
theorem for context-free languages and Is omitted. 

Q.3.D. 

Cor. 2. 1 . 1 . 1 : 

Let L be an (n, g~, k)CL (or nCL) . There exist constants 
p and q, depending only on L, such that if there is a sentence 
z in L with |zj > n.p, then z may bo written as: 

z = u 1 v 1 w 1 x 1 y r ..u n v n w n x n y n , whort » 1 x 1 ..v n x I1 ^ e, 
and | v i vv i x il 1 1 1 1 i ^ n 5 such that 

u 1 v^w 1 x^y 1 . . . u n v n w n x n y n» is also in L for a11 1 2 0. 

*** 

— - - — ITT 

1. Suppose that there is a substring of resultin' ) which 

contains distinguished positions only but is not a substring 

of result(T-). This implies that there is an (N , N ) -related 
M 1 W N 1 ^ 

path in T. 1 such that either l-result(T. or 

1 N N 

r - rosultCT^ ) contains a distinguished position; being 
different from and a descendant of M^. This implies that 
the choice of is not in accordance with step 4. 
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In view of the fact that every context-free language 
is an (i, 0, k)CL for some k, we have: 

.Qo£x-„2.J-tJLt Z- 

Let L be a context-free language. There exist constants 
p and q, depending only on L, such th-.>t if there is a sentence 
z in L, z ^ is a substring of z, \z^\ > p, and the positions 
occupied by the symbols comprising are designated as 'dis- 
tinguished', then z may be written as: 

z = uvwxy, w here v or x contains a distinguished 
position, and the length of the longest substring of vwx which 
contains distinguished positions only is less than or equal to 
q, such that 

uv wx x y is in L for all i J> 0. 

*** 

Observe that the above result for context-free languages 
is more powerful than the uvwxy theorem in that it allows decom 
position relative to any given substring z^. We can actually 
look at Theorem 2.1.1 as a generalization of this result to 
(n,<T", k) -coupled languages. 

how, we introduce some more concepts related to n-deriva 
tion trees and labeled trees and give some results concerning 
these concepts. We shall also give an example to illustrate 
these concepts. 
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Two paths (respectively, n-path s) P^ and P 2 are said to 
be ^ ■] ? ^ 1 ) > (Mg > ^ ) ) ~ mu ~k 113 Hy distinct' in a rooted labeled 
tree (respectively, an ruderivation tree) T if: 

(a) is an (In., IT ) -related path (respectively, n-path) 

and is to the left of ? 2 which is an (M^ , iT^) -related path 
(respectively, n-path). 

(h) Neither of and is on P Neither of M 0 and N^ 
is on P r 

A sequence of paths (respectively, n_paths) P^, P m 

are said to he ((M , N^), (M ffl , N^) ) -mutually distinct in 

T if for every p,-, ir (i, ,-j) , 1 <. i < j < m, P.^ and are 

( (M . , N.), (M . , N.) ) -mutually distinct paths (respectively, 
i- a DO 

n-paths) in T. 

*** 

The validity of the following result is easy to see. 
Lemma 2.1.3 : 

Let T he a rooted labeled tree having an (I-L, IL) -related 
path for every i, 1 < i <. m. 

There are ( (M^ , N), ..., (M ffi , ly ) -mutually distinct 

paths in T iff result (T) can he written as: 

M. . 

x q Y 1 Y 2 ... Y m , where Y ± = result(T x )x ± , 1 < i < m, and 

x , . . . , x are certain strings (possibly empty). 

0 “ **-x- 
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The following result follows from the definition of 
n_derivation trees. 

lemma 2 . 1.4 : 

Let 1 < i < q. Let IVL = < . . . , > and 

, . . . , > be li- nodes in an n-derivation tree 

T = < 1 ^ , . . . , l' n >. If for some j , 1 < j < n, there are 

((M ,, N .), . .., (to., N . ) ) -mutually distinct paths in T 

* J * J ili J III J J 

then there are ( (K . , N. ), — , (M . , S. )) -mutually distinct 

1 1 -hn 

ru-paths in 1, where the sequence i. , ..., is some permutation 
over 1 | ...j m. -x-** 

We now have a definition which indicates how :n-paths 
in an n-derivation tree are 'distributed* among the trees com- 
prising the n-derivation tree: 


Let I = < , ... , T n >, be an n-derivation tree , n 2 2 , 

The (i^, . .., i g ) -distribution, 1 < i 1 < ... < i s <, n, s > 2, 
of the m (2 1) n-paths: < . .., p n1 > s . .., < P 1m , ..., > 

in 1 , p- „ , . p. _ being paths in T . in order from the left, 

' X. I A ' 3. .10 X, 


is said to be ( 7T • , . . . , 7C ), win 


~2 ""s 


7V, , . . . , are certain 

1 2 x s 


permutations on m objects, if lor 


• i V • •••> g} 


’ p id’ 


1 < j < m, is the j )~ch path, in order from the left, among 


the paths p ±1 , ..., P im in T ± . 


*•** 
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The following result follows from the definition of 
the It- simplicity of n_coupled grammars and the definition 
of n-derivat ion trees. 

Lemma 2.1.5 : 

Let G be an (n,cr~, k)CG, where- cr = 5 • * * 3 Jki-1 * ^ 

in an n-derivat ion tree (in G) of a sentence in L(G-), the 

(d 1? j) -distribution of some n... paths is ( 7C- , . . . , "AT ), 

3 2 3 s 

then 7T is an identity permutation, where m is in 



how we give an example which will illustrate the concepts 
introduced above. 


2 . 1 . 1 : 


Let G be the (3, 


0, 2)CG of Example 1.1.4. Figure 


2.1.1 is a representation of a 3-derivation tree in Cr. For the 


sake of reference, the nodes have been numbered. The labels 
and permutations associated with the nodes (if any) are shown 


adjacent to the nodes. 


Let = 1,2,5,11, P 12 = 1,3,3, p 21 = 17,18,21, 
p 22 = 24 , 29, p 51 = 33 , 34 , 37 . 43 and p^ 2 = 33 , 35 , 40, 

be some of the paths in the three trees. 

— 4 P-j-j, Ppp > P31 ^ and Pg — dp^g, ^21* p 32 ^ a,re 

two 3-paths and, 
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M 1 = < 2, 19, 34 > , 

M 3 = <11, 29, 43 > , 

k 5 = < 8, 21, 40 > , 

the 3 -derivation tree. 


M 2 = < 5, 24, 37 >, 

M 4 = < 3 , 18, 35 >, and 
are some of the 3 -nodes, in 


We notice that 3?^ and I'm, are ((li^ , 
mutually distinct 3 -paths. They are also 
mutually distinct as well as 

c. j 4 

tinct, 3 -paths. 


^ 2 ) 5 (^ 4 , i '-^) ) - 
((M 1 ,M 3 ) 

, M ^ ) ) -mut ua 1 1 y d i s- 


Again, we notice that the ( 1 , 2 , 3) -distribution of and 
P 2 is ([ 2 , 1 *[ , [ 1 , 2 ]), their ( 2 , 3 ) -distribution is ([ 2 , 1 ]) and 
their ( 1 , 3 ) -distribution is ([" 1 , 2 j). 

-*** 

Now, we shall define the concepts of 'language simplicity- 
predicate' and 'translation simplicity predicate' which play 
an important role in proving the structure results in this 
chapter, particularly those results which involve the simp lie it 3 

of coupled grammars. ; 

The language simplicity predicate (P ^ is a mapping from 
the cross product of the ^-simplicity of coupled grammars into 
the set ^ 0 , 1 ^- . The basic results that we prove using the 
concept of language simplicity predicate are: 

1 . Every language in ^ ^ is also in 

where n’ _> n, k’ J> ^ and *<r) = 1 (Theorem 2 . 2 . 1 ); and 
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2 . 


T her a is a language in ^ n > 2, k > 2, 

s not i: 

(Lemma 2.3.4). 


which is not in ^ , where n' > n and (p^icr , c r) 


0 


We define the language simplic.it p pred icatc, formally , 
as follows: 

Let cr' = ...» , be rhe simplicity of 

some n'CG G' and let cr = , . . . , ^ , to the JX.- simplicity 

of some nCG G. The language si mpl icity - pred icate (p^ is 

defined as follows: 

L 

P (c r t < f~) = 1 , iff there erist integers i^, . . . , i n , where 
1 < i., < ... < i <_ n’, such that for ovary ;j , 1 .< ;i < n_i, if 


■1 


s in £j+i , . . . , nj. , is not in , than i g is not in , 
and (p 11 (<J~' ,<r ) = o, otherwise. 

*** 

_L , 

Note that P (o~ ,o~) = 0, iff for every possible choice 
of the sequence i^ , . .., i,,, such that 1 < i^ < ... < i n 1 n’ 
there is at least on,., j, 1 < j ( n-1, and at least one s in 
|j+1, . .., n^ , the values of ,i and s possibly depending on 
such that s is not in h >. , while i is in . 

Using the definition of the translation simplicity 
predicate, certain structure results follow from corresponding 
results for coupled languages. This point will become clear 
after wc define the concept of translation simplicity predi- 
cate. 
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let cr = ^m' + n'-1 s 136 the /(.-simplicity 

of some (m'+n')CG &’ and let CT = £ , . . . , > "be the 

A -simplicity of some (m+n)CG G, where in, n, m', n 1 , > 1. We 

i 

define the translation sim plic ity pr edica te fp as follows: 


!p x (cr' ,cr, m\ m) = 1, iff there exist integer 
■1» ***’ ^m+n’ where 1 .1 i-j < ••• < ■*m+n ™ 


m ' +n ' i < m ' , a nd 

lix 


i m+ 'l >. ro'+lj such that for every j, 1 < j <_ m+n -1 , if s in 
{3+1, .... m+n^, is not in ^ , then i g is not in ^ , and 

rji , , D 

( f (c r ,<r , m , m) =0, otherwise. 


*** 

Mote that (P^{<r' ,Q~, m', m) = 1 implies that (P (cr ,<r~) 

1 f D t t 

and p (cr , or) = 0 implies that p (3- , cr, m , in) = 0 . It is 
this fact which makes certain structure results for coupled 
translations follow from corresponding results for coupled 
la nguages. 


from the definition of the language simplicity predicate 
the following result follows: 


Lemma 2.1,6: 

Let jp-’ = be the A - simplicity of some 

n'CG G* and let <r~ = ^ r] _ 1 he the /(.-simplicity of 

some nOG G. We have the following: 

(a) If n' < n, then p (cr' ,<r) = 0 . 


(b) let n* = n. Then, 





76 


(i) ^ (cr T ,o-) = 1, iff for every ;j , 1 < ,j <_ n~l , £'■ U- 

J ^ J 

( ii) /p L (<r-' jcr) = 1, and $> L (<X , <j-' ) = 0,iff for every 

j, 1 < ,j .< n-1 , C ^ j and for atle::. st one j , 1 < j < n_l , 

(iii) = 0 and cr~ ) - 0, iff either of the 

following two statements is true: 

1. for at least one ,j , 1 < i < n_i, and for 

J >C o 

at least one ,1, 1 < j < n_i 5 C *■ , . 

2. For atleast one j , and are incomparable. 

tj d 

(c) If n = 1 , then {p L (cr fir) = 1. 

(d) If G* is an n'SGG and n' >_ n ? then q (< r ,cr) = 1, iff 

G- is an nSCG. 

**•* 

The following example illustrates the concept of the 
language simplicity predicate . 


Example 2.1.2; 


Let the n -simplicity of some 4GG he q~' = , s' 2 > 

where ^ = ^4^ , £' 2 = ^3^ , and 

At- simplicity of some 3CG he 0~= ^ ^ 

^2 = 0 * 


= 0. Lot the 

2 , where f, = [ 2 ] and 


7/c 


Ii | 

observe that p (<j~ ,o~‘) 


because there exist 


integers i^ -2, ± 2 =3, and i^ = 
j , 1 .< D i. 2 , if s i n { j+1 5 ••• 


4, such that for every 

is not in , then 
J 


5 j 
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i g is not in as follows: For 3 =1, 3 is not in 4 is 

not in iLj. For 3 =1, 3 is not in it,; 4 is not in 

On the other hand in the above example, let the 

tt < ri i// 

^-simplicity of the 300 be 0~ = § 1 , where = Sg = 0. 

We observe that $>' Ll (<r’ , <j-") = 0, because for each choice 

of i^ , ig, i^ viz. (i) i^ =1, ig = 2, i 7 = 3, (ii) i^ = 1, 

i 2 = 3 S i^ = and (iii) i^ =2, ig = 3 , i^ = 4, there is 

atleast- one 3, 1 < 3 < n-1, and atleast one s in {ni *} 

such that s is not in while i is in , as follows: 

3 3 0 

( i) ij - 1 5 i-2 = 2 , i^ — 3 • 

Here, 3 = 2, and s = 3. While 3 is not in J»g, i^ = 3 

is in = fj. 

(ii) i 1 = 1 , i 2 = 3 5 = 4. 

Here, 3=1, and s = 3. While 3 is not in ^ , i^ = 4 is in 

il 

1 

(iii) i 1 = 2, ig = 3, i^ = 4. 

here, 3=1, and s = 2. While 2 is not in , i ? = 3 is 

i« Si = • 

1 
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2.2 STRUCTURE RESULTS - I : 

In this section, we shall concern ourselves with the 
structure induced on coupled languages and coupled translations 

by the degree of the coupled grammars generating them. 'We sha.ll 

•* 

see that the degree of coupled grammars defines an infinite 
hierarchy in the class of coupled languages and coupled trans- 
la t io ns. 

Hierarchies Based on Degree : 

Before we come to the main results of this section, we 
shall prove some basic results (lemma 2.2.1, lemma 2.2.2 and 
Theorem 2.2.1): 

lemma 2.2.1: 

There is a language 1 which is in ^ ^ , but 

is not in (2.^, k > 1. 

Proof : 

let 1 = £a^ ... ap-n+i I 1 > 1^-. It can easily be shown 
that it is an (n+l,<y-, k)Cl. (See Appendix A). 

We shall now show that I is not an nCl. Pirst, let us 
make a few observations about the nature of the language I. 

We observe that in every sentence in 1, 

(a) the number of occurrences of each of the 2n+1 distinct 
symbols, viz. a^, ..., a 2:n+1 , is the same, and 
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(b) for each distinct symbol, all the occurrences of that 
symbol are adjacent to each other. 

How, let us suppose for the time being that 1 is an 
nGL. Let it be an (n, 0 -', k')CL, for some <y- ! and l:'. Consider 
the sentence z = ... a^n+i ■ i - rj Jj ? ’'.’here p is the constant 

referred to in Cor. 2. 1 . 1 . 1 . be observe that |zj > n.p, and 
therefore we have, from the above mentioned corollary: z can 
be represented as, 


"lYiYfVnWn’ " her3 such 


that for each integer i > 0 , z(l) = u 1 v^xij .7 . . 
is also in L. In view of this and (b) above, it follows that 


n ; 


, v , x , can have occurrences of more than 


none of , x^ , . 
one distinct symbol. Now, sinco there are occurrences of 2 n+l 
distinct symbols in z, there will be atleast one symbol which 
does not occur in any of v^ v n , x n . This easily lead; 

to a contradiction in view of (a) above and the fact that z(i) 
is in L for all i > 0. therefore, L is not an nCL. 


Hence the result. 


Q.E.D. 

In view of the fact that the language L in the proof of 
the above lemma is an (n+1, k)SCL, k J> 1 , as well, we have: 
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L amnio 2 . 2 . 2 : 


Ihere is a language L which is in k y k > 1, but- 

is not in (2 

h 


Theor em 


<3 ' 5 k ' ) ^ ^(n,-J", k) 5 


.-•ners n T > n, > k and 


y L (c- ! ,cr) = i. 


Proof : 


1 

let k > 1 . Let gr’ ■■= ^t_ 1 andcr= , - . . , £ 


JLj j t 


ince {£> \<r ,o" ) 1 , it follows that there exist integers 


. , i , where 1 < i, < ... < i ,< n', such that for every 


j » 1 < .! 


n-i , if o in £.j +1, . . . , n^- , is not in ^ 


then 


i is not in 


Consider any language 1 in k y let it be generated 


by an (n,<r 9 k)C 0 G = (V • , V^, P s ( S) n ) . To prove the result 


it suffices to prove that L can be generated by some (n 1 , or, k')CG 


Wo skill construct G' using the algorithm given below. This algo- 


rithm has got similarity with the algorithm given in the proof 


of Theorem 1.1.1 


i. he idea behind the algorithm is as follows: Let there 
be on,: production in G* corresponding to each production in G, 

1 . In case k = 0 , it is easy to prove the result, all that 
has to be done is to add a suitable dummy production. 
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which io such that it doos not make it impossible"' for G to 
bavu the order k* and the A- simplicity q— 1 , and such that 
becanc.. of there product ions G' generates the language L. Let 
thw fact that t jhe XX.- simplicity and the order of G* , have to be 
q -' and 1:', respectively, be taken care of, by having some 
product io n( s) in h’ which are not involved in the generation 
of any s ; n+cnc ... by G* . 

Alnor I t Tim: 

"’A. shall intersperse the algorithm with comments, which 
wc will k..;;p within parentheses. We shall use some of these 
comments later in proving that G' is an (n',<j-' , k’)CG and 
t ha t L( » ) 1. 

If k‘ > 2, let. 3" = (V|, 0, P", (sp”'), bo tbo samplo 
(s',,]-', k')CG (su the proof of Theorcr 1". 1.1) such that 

v" n v _ *. 0. 

bow, i’ - (V,, Vj, s', (S)’- 1 ’), v;horo if k = 1 , then 

V* .. V ... ot harv.’iy*; V.’, - V, U v", and p’ is constructed as 

N U ' a 

follows: 

1. io start, with, if k* ■- 1 then P 1 = 0, and if k' > 2, then 


1. This means the following: Let A ** ( ( a 1 , ^ ) » ••*5 ( ) 

be such a production in &' corresponding to some production 
in G. If some i is in some then7tf is the same permu- 

tation as7T. Also the number of nonterminals in a 1 
hence in each 0 ^, 1 < i <, n ’) is loss than or equal to k . 
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(The idea is to ensure that in case k' > 2, the 
V licity and the order of G’ will be ana k 1 , respec- 
tively, provided that the productions that will he added to 
P 1 , a 3 v; . proceed, do not make it an impossibility. Note that 
if k* - 1, then ^ * cannot he anythin but ^2, , n'^- and 

if n' - 1, then q~' cannot be anythin but 0; all this, in 
v iew o f C o n vent io n 1.1.1). 

2. I or each terminating production: A - (x^ ..., x ) in 

P, add to p' the production: A -* (x‘ s x',), where if j, 

i n 

1 1 ,1 .< n' , is equal to i , 1 <_ s <. n, then x! = x , otherwise 

S J S 

I ^ 

X. = b. 

3. for each nonterminating production A - ( ( a 1 , 7Tj ) , .. 
(c x n ,7^ n )), in P, we shall add a production T to P 1 , which 

is constructed as follows: 

Let be the nonterminals in a^, In order 

from the left. The production ~\jr is: A -* ((a^Tbj), .. 

. (a 1 , /Tv', )), where al , .., a’,, and 7V' , are 

n n 1 n 1 n 

determined using the following steps: 

( i) Let X - |;j 1 , . . . , jy , such that X - |l , . . . , n*^ - , 

and the elements of X are in natural order. 

(Notice that at this stage X will certainly contain 1). 



Let Y = 


Go to ( iv) . 
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(ii) Is X empty? If it is, 


from 


y'irs complete ; otherwise 


then the construction of 



f 


( iii) Let i„ be the first element in X. 

[h]- 


let Y = (X D i's_ )l) 

f 


(From (this statement appears later in the proof), we 

have that if som „• i is in /! , then it must be in X as it 

f 

stands at this star;-. Thus, at this stare Y contains and 

all i such that i is in ^ . ). 

1 f 

(iv) Let X^-- X-Y. Arrange the elements of X such that they 


are in natural order. 

(v) lost .if Y Of,, — , i n ^ is empty. If it is empty,' 
then go to (vii)* otherwise, 


(vi) Lot ti, ... , ts, s > 1, 1 < ti < ... < t s < n, be 

such that i^ i^ s , are in Y. Then, 

(a) For all m, 1 < m < s, let «'• = and 7\. = 

Hm 

( lot io ... that i need not bo necessarily equal to 1. In 
such a case, ~7\'^ need not be an identity permutation, through 
the construction, that we are giving. 

Also, we observe the following statement which we name s^. 

s^: It cannot be that for some tp, and tq, 1 _< p, 
q <_ s, 7^ Is different from 
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ouppose that the statement is not true, then it 

follows that tq is not in p and therefore i^ cannot be 

in , because ^p L (o- f , cr) = i. If i = i then the con- 

rp °? i 

tradiction is immediate because then by the very construction 

of l, If.,, is in . . Otherwise, the contradiction follows 
' 1 f 

in view of Convention l.i.i ). 

(b) For all it in Y _ ± t 3 , lal 

% “ " 'q. 1 (l)’" E y t1 (l)’ and let = tr 

(fote that by statement g, above, 'Tf = ... = 7T ). 

I "Cl t s 

Go to (ii). 

(vii) For all m in Y, let - B 1 ... B 1 and let 7^ be an 
identity permutation. 

(viii) Go to (ii). 

• »o w , we shall show that L(G') = L(G) and G' is an 
(n', o-', k')CG. 

Ij(G') “ L(G) , because v'J fl % - 0, and in view of the 
stops 1 ? , 3(v), 3( vi) , and y( vii) . The order of G' is k' in . 

view of stop i. Now, the only thing that needs to be pro ved 
is t hat the ^-simplicity of G-' is . In view of step 1, 
it suffices to prove that if as a result of step 3, a produc- 
tion: : A -*■ ( ( , 7\j ) , . . . , ^ a n 1 , ,)) , is added , 

1. Steps refer to those of the algorithm. 
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Suppose that the statement s 1 is not true, then it 
follows that tq is not in and therefore i^. cannot he 
in ^ ! , because $ 1 ( o-' ,o~) 


tp 


1 . If i 


tp 


i^, then the con- 
tradiction is immediate because then by the very construction 
of Y, is in ^ . Otherwise, the contradiction follows 

In view of G onvention 1 . 1.1 ) . 


°m 


(b) For all m in Y - ^i t 1 , 1^^ , 1; 

ypn-'^yyi)’ and let = hr 

(Note that by statement above, ^ -■ 


^t s ) 


Go to ( ii) . 

(vli) For all m in Y, let 0 ^= 8 ^ ... and let 7^ be an 
identity permutation. 


( viii) Go to ( ii) . 

Now, we shall show that L(G’) = 1(G) and &' Is an 
(n f , cr\ k’)CC-. 

L(G') = L(G), because = 0, and in view of the 

steps 1 2 , 3(v), 3(vi), and 3(vii). The order of G* is k' in 

view of step 1. Now, the only thing that needs to be proved 
is that the A- simplicity of G 1 is <j ~' . In view of step 1, 
it suffices to prove that if as a result of step 3, a produc- 
tion: : A -*• (( , 7 \^) , . . . , ( 7 ^,)) ? is added, 


1 . Steps refer to those of the algorithm. 
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then for no q in 1 <_ p < n' - i, 7t^ is different from 

xip* i’^ia we prove, by proving a sequence of statements. 

In view of Convention 1.1.1, the statements s 0 and s, 

I 5 

follow directly (see the proof of statements and S^, in the 
proof cf Theorem 1.1.1): 

If some D is in 1 < m < n'-l, then 

^0 ^m { m+1 J * * • > * 

s-z : If at any stage of iteration, some 3 is in - 4 - , 

^ 1 

then 3 cannot be in and hence 3 has to be in 

X as defined in step 3 (i). 

s^: It cannot be that at any stage of iteration, in 

step 3(iii) some 3 is in but is not in X as 

it stands in that step. 

Suppose this (s^) is not the case, then in view of 
and nature of steps 3(iii) through 3(vii), it follows that for 
some ra, ip is not in 5^ but 3 is in This leads to a 

contradiction in view of Convention 1.1.1. 

s K : For all 3 in 7s' = 7s\. 

3 1 3 1 

In the very first iteration, Y = U 4^* s 5 now 

follow in view of nature of steps 3( ”) through 3(vii), and 
statement s^. 
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s 


6 : 


Let some j in j2, 
let ^ = £m.j, .. 



. , n'J- , be not in and 
m s} . Then A! = A^ = . . 


This is because at a certain stage of iteration, either 


3 = i^ or j is in , for some i^, in 

former case, Sg follows in view of natur 
3(vi), 3(vii) and statement s^_. In the 


step 3(iii) 
o of stops 

latter case 

\ 


. In the 
3(v), 

, it follows 


in view of the statements s 0 , , and nature of steps 3(v) 

through 3 ( vii) . 


The result follows now in view of the statements S£ , 
s 5 5 and sg . 

Q.E.L. 

Cor. 2 . 2. 1 .1 : 

Let c r = ^ , Lo "the XL- simplicity of some 

(n, k')CG-and let <r = ^ be the JX -simplicity of 

some (n, k)CG- and k' X k. Lot 4'- C > "I £ d £ n~l. Then, 

<D * s * s —* J 

^(n, a-' , •'c') ^ ^(a,/,k) 

* 


Wo know tint any content- iron language can bo generated 
by a contoxt-frco grammar in ’Chomsky Normal Form' (8). If 
fjJ is the xi,- simplicity of some (l,2)CG- andcr is the /l- simpli- 
city of some (l,l)CG (of course, cr' = cr = 0) , then clearly 
(P (c r ,<r) = 1. Thus, we have: 
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Cor. 2.2. 1.2: 


If L is a context-free language, then it can bo generate' 
by some ( 1 , 0, 2)CG. 

Cor, . 2 . 2,., A., ,3 : 


(a) 

e-(»’ 


o-'J^eCn^-V 1,1 

k’) "**>» n ' 


> n, and (p L (cr , ,c r) ~ 

> n, and lc * _> k. 


*** 

In view of Cor. 2.2. 1.1. and Theorem 1.4.2, wo have: 


Cor. 2.2. 1.4 : 

Any (n,k)SCl can bo generated by an (n,2)SC(.r, in simpl 0 
normal form. 


Cor*. .2,£,J_.^: 


(a) dC. 

2d L n ,n' 

_> n, 

oo 

1 *1 . »■ 

> n. 



*•** 

YJo shall 

il lust rat 

o- the proof of the above theorem (and 


hence also the algorithm gi\f n in the proof) through the follow- 
ing example. 


Exa 


2.2.1: 


Consider the language 

n. n. n,~ n„ n. n. n~ n~ n„ n„ n^ n. 

i . \ VbVvu V 


n 1 ,n 2 > 1 




I L 
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which is an (n,o»,k)Cl, where n = 3, k = 2, cr = £ 

5 -j = ^2^ , ^2 = and. which is generated by the 

(n,o~,k)CG: 

& = ( i.3, A,?:]. , ya 1 ,h 1 ,a 2 ,h ? ^ 5 P, (S) 5 ), 

whore P comprises of the productions: 


1 . 

s - 

(AE, AB, 

( BA 

2. 

A -» 

(a 

lAbi 

) 3 

5 

3. 

a3 “*■ 

(a 

2 Ab 2 

) 3 

? 

4. 

A - , - 

0 

1 1 J 

3 

a nd 

5. 

13 -* 

(a 

2 h ?) 

3 

• 



Let us show that L is also an (n', q-\ k’)CL, where 


■> cr- 


$ 2’^y such that = ^4j , t' 2 =<£ 3^, 


^ = 0, and k’ =3. 

Xj | 

We know that (<*-' ,a~) = 1, because there exist integers 

=2, ±2 -3, and i^ = 4, such that for every j , 1 <. J <„ 2 , 

if s in Xq+ 1, . .., 3*1 is not in $■., then i is not in 
i . J Jo 

(see Example 2.1.2). 


We shall use the algorithm given in the proof of the 
above theorem to construct an (n' , cr\ k')CG G 1 such that 
1(G ! ) = L. (In this construction, we shall be referring to 
the steps of this algorithm). 
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Let G = (^A.| ,Ag ,A^ , ,3^ , j- , 0 , P , ( ) ^) , 

be the sample (n , 0 ~ , k')CG, where P n comprises of the produc- 
tions; 


( - !i -j A 2 A ) 


and 


2 . 


(p B 2> 


! 2 B 1 ’ 


- 2 . 1 ] ) 




[2.1]). 


B 1 B 2 ) 


( See Example 1.1.5). 

®w, !}' = (vj, V T , p\ (s) 4 ), 

where V„ — ,3^, , S,A,b] , Vr 

3?' is constructed as follows: 


5 t -j 


,a 2? b 2 


-J 


and 


(a) To start with, P 1 ' = P 

(b) Using step 2 of the algorithm, we add the productions: 

A - (u, a^, a^, a^), and B — (£, a 2 b 2 , a 2 b 2 , a 2 b 2 ) , to P f . 

(c) There are three nonterminating productions in P. Corres- 
ponding to each of these productions, we shall add a production 
in ?' . First let us consider the production: S -*■ {AB,AB, (BA, \2 , ll 
in J?. 


Corresponding to this production we shall add the produc- 
tion: 

s - ((«;,/<;) , (a',7^ 2 ), (0^,7^), (a',7t’)), 
where cnj , a 2 , a^ f aj, and , Ag, 7^, are determined as 


follows: 
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2 . Y = . X-e £2,3} . 

3. We observe that = 4 is in Y. 

Let a| = BA and 7^ - Q2,1] . let a ^ = BA and 7^ = [2, 

4. X is still not empty. Y = •■■2 ? 3^- . X-f-0. 

t J 

5. We observe that i 1 = 2, and i 2 = 3, are in Y. 

Let = AB, 7^ = [j,2] and cc^ = AB, A'' = G ,2} 

6. The specification of the production added is complete, 
since X =0. 

It is easy to see that the productions that will be 
added to P’, corresponding to the other two nonterminating 
productions of P will be: A - (A, a^Ab^, a^Ab^, a^Ab^), and 
B - (B, a^Eb ^ , a 2 Bb 2 , a 2 Bb 2 ). 

Thus, P* comprises of the productions: 

1. S - ((BA, [2,1] ), AB,AB,(ir. s [2,l])), 

2. A - (A, a Ab 1 ,a 1 Ab 1 ,a r -b 1 ) , 

3. B — (B, a 2 3^2 * a 9 Bb p 5 a ? Bb 2 ) , 

4. A -* (G, a ^ b 1 , a^), 

9 • B ( o , ^ p ^ o ^ a 2 b 2 , a 0 ^ 2 ^ ? 

6. S 1 - (A^A^) 4 , and 

7. S 1 - (B^, (B 2 3 1 ,L"2,]),(B 2 £ 1 , G2,1]), B^). 
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Clearly, l(G') = 1, and G' 


is an 





, 0 , 3)CG. 


*** 


We note that- in the above example, we can drop production 
no. 7 of P 1 without losing anything. But this need not be the 
case, in general. 

Now, we come to the main results of this section 
(Theorems 2 . 2 . 2 , 2.2.3, 2.2.4, 2.2.5, 2.2.7, and 2 . 2 . 8 ) which 
deal with the structure induced on coupled languages and trans- 
lations by the degree of the coupled grammars generating them. 

The following theorem follows from lemma. 2 . 2.1 and 
Theorem 2 . 2 . 1 : 


Theor em 2 . 2 . 2 : 

iL 


(a) ^(n’.P.k' 
1, 


dd.cr-.k)’ '" here n ’ > n > lc ’ ^ 


k, 


k' > 1 , and p (p ,<r) = 1 . 


(b) (p 


L srjj 


-( n* ,k 


i - ' 

, ^ ) ''x 


)]} , where n’ > n, k* > k and k’ > 1 

(c) , (Cr ')^^-(n,c7-) 5 wbere 11 ' > aTlcl = 1 

(d) <2n' ^n 5 where n' > n. 


**•* 


from lemma 2 . 2.2 and Theorem 2 . 2 . 1 , we have: 


Theorem 2.2.3 : 

(a) ^(n r ,k')^ ^(n,k) ’ where n ' > n ’ k ' k k and k ' ^ 1 - 

(b) > 8^1 ^ , where n ! > n. 


*** 
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The following theorem follows from Lemma 2.2.1 and 
Theorem 2.2.1. 


Theorem 2.2.4 : 

Let m ' > m, and n > n 1 . Then, 

(a) There is a translation in <2^' n » k ) , k > 1 
T 

which is not in (2( m>n )* 

1 

(Id) There is a translation in (2( m n <r* k) ’ k ~ 15 
T 

which is not in (E( m r n ')' 


Gor.._. 


m rp | 

(3(m' n') an<i (B-(m n) ’ are incom P ara ' ble > where m > m. 


and n > n' . 


The following theorem follows from Lemma 2.2.2 and 
Theorem 2.2. 1 : 


Theor em 2.2.5: 


(a) There is a translation in 
- T 

which is not in ^ ^ , and there is 

4,^)’ ni ’ ,blch isBtin * 

ana are 

m ' > m , a nd n > n ' . 


^ (id ' ,n' ,k') ’ k - 1 ’ 
a translation in 


T 

(ni' 5 n') 


, m > m, n > n 
incomparable , where 


*** 
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The proof of the following result is on the same lines 
as that of Theorem 2.2.1, and is omitted. 


Theorem 2.2 . 6 : 
.T 


^(m' , n ' ,k ' ) Jj ^(m,n 3 r-,k) 


■/here m ! > e, n ! > n< 


T 


$ (cr ,cr,m' ,m) 


V 

1, and k' > k. 


Cor. 2 

.2.6. 

U 




(a) 

<2(W 

,n' , cr' ) ^ ^( m ! 

,n,<r) 

. T / , 
<? (cr 

3(r» m ' 

,m) - 

1. 



(b) 

<2(»- 

,n' ,k' )-^ > ^-(m. 

, n , k) 

and k' 

2 





Now , 

from 

Theorem 1.2.1, 

lenrm: 


where m’ > m, n > n, and 


*** 


the following result follows: 

Theor em 2 .2.7 : 

(al « i ' , in (?) v, — • * where m’ > m, n' > n, 

^ (m* ,n ,o-,k ) ^ ^(m,n,cr,k) 5 " •’ 

T » , 

m ' + n ' > ■ m + n, k' _> k, k' >, 1 , and /p (<r ?cr, m ,m) = 1. 

W) (T(r»>',U)2 ek»,k)> where 2 1,1 * 


m'+n' > m+n, k 2 and ^ 2 1 


(<=) n !<r )’ where 10 ' 2 m> n ’ 2 n ’ 

T , 


m'+n' > m+n, and (p (<r ,<r,m ' ,m) = 1. 
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fp rp 

(d) G-(m,n)> where - m ’ n ’ >• n > and 

m'+n 1 > m+n. 

*** 

Again, from Theorem 1.2.1, Lemma 2.2.2, and Theorem 
2.2.6, we have: 


Theorem 2.2.8; 


(a > £( m ,r.,k)’ where m' > m, n' > n, 

m'+n 1 > m+n, k ! >_ k, and k* > 1. 

(b) A( m ' jn ') 2 whure ■>. n > and 


m'+n' > m+n. 


2 . 3 ST RUCT bRN RESULTS II : 

Now, we proceed to investigate the structure induced 
on coupled languages and coupled translations by the s implicit 

of the coupled grammars. We shall confine ourselves to proving 
the required structure results for coupled languages; of course, 
certain structure .results for coupled translations will follow 
from these. The methodology employed for doing this is to show 
that there exists a language which is generated by one class of • 
grammars but cannot be generated by another class of grammars. 

So, before we actually prove these results, we need a class 
of languages, which we can use to prove the various 'negative' 
results. Our plan will be to first study the structure of 
languages in this class, and then, for proving a certain result, 
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to show that there is a language in this class whose structure 
is such that it cannot he generated by. any grammar in a cer- 
tain class. 


Let us start by introducing the above mentioned class 
of languages. 

For every n > 2 , e > 1 and ^ , . 

’-ha® 1 < 1 < n-i, a certain 

subset of £i+1, ... s n 7, W e define below the language: 

^(n, ^ i - :n a structured manner; the above mentioned 

class comprises of all such languages. 

i e r 

(n, . .., i n _^) = | A 1 g r** A n Sn’ where for s,p,u,j,v 

r ,t , 0 *\ s < n, p — n— i ✓ o/ / . 

F 1 i U l b 1 5. J i P) 2 < v < n, r > 1, 

a nd t > 1 , 

(i) A s ' h > s1 bi ••• btttht. 


B 


D 


lu 


luj 


^lur^iup* * ,1} iup j 


a. . 


1 u,i 1 h 1 u t ] 1 Vi 2 .Vi 2 


,11 ,1 1 02 Yc 


B 


vu 


D 


vu r 1 


lb d 

VU1 vu2 v up 7 

VU 1 "^a-, VU 1 2j_ ) A vu,'j 2 


5 1 


1.1 U 1 

T7 a -1 -L- ry -? O - 1 - • 


vi i x vni vj 


vo 2 


( Ii) For r < e , h 


sr ~ g S r’ b sr = g S r’ anr " 1 for r > e 


if r = e.k + r', where k > 1 and 1 < r ! < e, then h 




^sr ^sr' * 
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(iii) If j in | 2 , ..., n-lj is not in ^ , locate 

the production: S- ( p 1 , (f 5 p ,X 2 ), ••*> (^,7^)) i np ’— th e 

set of productions of the sample (n, ^ , . . . , ^ , 2 )C& 

(see the proof of Theorem l.l.l), where A- is a non-identity 

J 

permutation (note that there is one end only one such produc- 
tion) . 

If T'y is an identity permutation, then 1^ =3*1, 
l v;j2 = j2, k vu;j1 = u31, k vu; , 2 = uj 2 , and if x’ is not an 
identity permutation, then 1 ^ =32, 1^ 2 = 31, \ n ^ = U D 2 , 

and Vj2 = "U- 

(iv) If j = 1 or j is in t and if v is in ^ , then 

1 vji = u, i s32 = an V31 = u r, V32 = u r, « ' 111 

Si, . ■ . , nj is not in ^ then 1^, =32, l v;j2 =31, 

Vjl = "3 2 > and Png 2 = "U 

I X U3 1 ’ 1 U3 2 ^ 1 } ’ 

*** 


The definition of the language if £ / % is 

• • • 5 S ^ / 

somewhat complex. We will therefore try to get familiar 
with it through examples and by looking into its structure. 

p 

As an example, let us define the language 1 ^ ^ 
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h 21 a 1? 12b ^ 12a li 11 “^ 11 a il22 b il22 a il21 t il21 h 

^ 7 1 11 d 22 22 a 21 l3 21 h 21‘‘ 

•• h 9 t a i2 12t ip 12a ^ 11 t lt11 a 1 ' t22 b lt22 a lt21 h ;Lt21 h g 
^ 12 12 ii u n a 22 D 22 a 21 b 21 Vt® 

y-, f " 1 1 2-, ' 1 1 2, "^iii, b iii ^ i 7- -j 

h 3l d ir? b 12 a i1 °11 a 21 S] 

5-t 12 b 12 c 


a 1 121 b 1 12l 1 122 h 1 122 1 
21 D 21 a 22 b 22 1 


b 2fV* 


H -1 1 H 1 1 H 2 1 h 1 H 2 1 H 2 2 , 1 t 2 2 } 

1-1 b 11 a 21 b 2l a 22 b 22 1 


b 22 ^ 

where for r < 2 , h ±r = g . r , h ’ r = g’ r , and for 

r > 2, if r = 2 . j +r ' , j > 1, 1 < r T < 2, then 
h,^ = g ir ,, h' ± ^ = g^,, 1 < i < 3 

1 u.j 1 ’ j uo 2 1 ’ 1 < u < t , t > 1 , 1 < D < 2 


ir 


**-* 


k * ■ i .*> : * 

(aim 1 ( ; 


Jb ‘‘ fr)1 1<mlr5/, ‘ example give s some sentences of the language 

1 ? • • • ’ °n_ i ’ 


X A ror various values of e 5 n, L, . . 

s j -> -i ? * • • i Or, -i • 


C \ 

>eu 1 j 


* 1 * flu ..—!.!, i f 


’ 1 1 a 1 1 b 1 1 a 1 2 b 1 2-1 1 g 1 2^ 1 1 b 1 1 a 1 2 b 1 2 g 1 2 g 1 l a 1 1 b i i a i 2 b 1 2 


g. 


11 g 1 g 2i a 12 b l2 a l1 b 11 e 2l S 22 a i2 b 12 a l1 b 11 g 22 g 2i a i2 b l2 


'a 


a 11 b 11 g 21 g 2’ is a sentenc s in the language 1 2 2 ^ 
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0 >) 


(c) 


Z = g 1i a i1 b 1l a i2 a l2 b 12 b 12 g 11 S 12 a ii a i1 b 11 b 1i a i2 b 12 g 12 
S 13 a i1 b 1i a i2 b 12 g l3 S 1 S 2l a i2 a l2 b 12 b 12 a i1 b 11 g 21 
g 22 a 12 b 12 a li a i1 b 11 b 11 °22 g 23 a l 2 b 1 2 a 1 1 b 1 1 g 23 g 2 ’ 


is a sentence in the language if 


(2,0) 


i 1l a i1 b 11 a l2 b 12 a 21 b 2i a 22 b 22 g 11 g 12 a il a i1 b 11 b 11 


a l2 b 12 a 21 a 21 b 21 b 2i a 22 D 22 g 12 g 1 S 2l a l2 D 12 a i 1 b 11 

a 22 b 22 a 21 b 21 S 21 S 22 a i2 D 12 a ii a i1 b 11 °1l a 22 b 22 

a 2l a 21 b 21 b 21 g 22 S 2 S 3i a i 1 b 1 1 & 12 b l2 a 21 °2l a 22 b 22 S 31 

g 32 a l I® 1 1 b 1 1 b 1l a i2 b 12 a 2i a 21 b 21 b 2'i a 22 b 22 g 32 g 3’ 

% 

is a sentence in the language 0^. 

*** 

Consider some sentence z in the language if £ £ 

vn,$ 1 , . . . , S n-1 

We observe that every distinct symbol a in X = < a ^ 1 ,b ^ ^ ,a ^ ,b 12 » * 

* ‘ ’ a (n_l) 1 ,b (n-l) 1 5 a ( n_ 1 ) 2 ’ b ( n- 1 ) 2} occurs in n * t ’ b 1 ’ 
different 'segments'; we shal], call these segments as the 

s of a and shall call z as an .(n^ t) - segm ent sentence. We 


will say that a certain occurrence of a certain symbol a in z 
is of type ( i . ,1 ) . 1 < i < n, 1 < j < t , if it occurs in the 
( ( i— 1 ) ,t+j)~th segment of a, in order from the left, let z be 
written as xu. .y, such that u. . contains all the type (i,3) 
occurrences of all the symbols in X, it does not contain 
occurrence of a symbol which is not in X, and it does not 
contain- an occurrence of a symbol in X which is of a type 
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different from then we shall call u. . as the ( i . i ) -t h 

compo s ite segment of z. -Notice that every composite segment 
in z is flanked on the left side by g' ’s and on the right side 
by g’s, with certain double subscripts. 

We shall illustrate the above notations through the 
following example: 

Exampl e 2.5.5 : 

We know that z = g’ 1 a 11 ’ b 11 a 1 2 b i2^1 1 s 12 a ll" b 1l a 12 b 12 s 12 

S 1i a i1 b 1l a i2 1:) 12 g 11 S 1 g 2i a l2 b l2 a i1 b 11 g 21 g 22 a i2 b 12 a i1 b 11 g 22 g 2i a i2 

2 

b 12 a 1 1 b 11 g 21 g 2’ is a se:trte:nce in ■ ttle language ^ (see 
Example 2.3.2(a)). Observe that z is a ( 2 ,3) -segment sentence. 

To illustrate the segments of a^ , we rewrite z with vertical 
lines drawn at the boundaries of the segments of a,^, as follows: 

z = Siii a iil l3 ii a i2 b 12 S 11 S 12l a ill b 1l a i2 b 12 g 12 
S 11 I a 1li b 11 a l2 b 12 s 11 g 1 g 2i a l2 b 125 a lll D 11 g 21 
g 22 a 1 2 b 1 2 ^ a l 1 I b 1 1 g 22 g 21 a l 2 b 1 2 ^ a 1 1 1 b 11 g 21 g 2* 

The occurrence of a^ in the first segment (of a^) 

(in order from the left) is of type (1,1), that in the second 
segment is of type (l,2), that in the third segment is of type 
(1,3), that in the fourth segment is of type (2,1), and so on. 

We observe that there are six composite segments in z. 

To illustrate them, we shall again rewrite z, marking 
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out each composite segment by drawing vertical lines at it s 
boundaries, as follows: 

2 = l a 11 l3 l1 a l2 lD 12l g 11 g 1?l a 11 l3 11 a 12 l3 12l g 12 

g 11 l a 11 b 11 a l2 D 12' S 11 g 1 g 21 l a 12 b 12 a i1 b 1ll§2l 

g 22 I a 1 2 13 1 2 a 11^11 I S 22 S 21 1 a 1 2 °1 2 a 1 1 1 g 2l g 2 • 

*** 

We shall now state through the following lemma some 

structural properties which hold true for every sentence in 

l® n A ^ ^ (which are deduced from the definition 0 f 

the language if A AO: 

v > b> -]»••• > S i ) 

Lemma 2, 3.1 : 

let z be an (n,t )-segment sentence in if a a 

r r ’ ^n_i)‘ 

let X - '^ a 1 -j 0 1 v a 12 0 12 »* • * ’ a (n_i) i ’ b (n-l)l ’ a (n-i)2 )b (n_i) 2 7 • 

We ha ve : 0 

(a) lor each .j , 1 < 3 <. t , the number of type (1^) 
occurrences of a certain symbol in .X, is the same as the number 
of its type ( i , 3 ) occurrences, 2 ,< i .< n. 

(b) If we consider the synbols g' *s and g 3 s with double 
subscripts, and g’s with single subscripts, that occur in 7 

L j 

we notice that they follow a definite pattern, let us form 
a string G out of them, retaining the order in which they 
occur in z. We notice the following: 





101 


( i) Let "fc <_ e. Then, u- — . . . g^g^g^g^^gji . . . 

* • • S2t g 2t g 2 ’ ’ * ®nl g nl ' * * g nt g nt- g n* 

(ii) Let t > e. Let t = e.j+r. Let & 1 = g^g^... 

* * * g ie g ie ’ ^ ^* e n ? — ^ g 11 g 11**'®1 r g In® 1 *^2®2 1 ®2 1 * * * g 2r g 2r g 2 * * 

* * * & n g n1 g ni ' ‘ • g nr g nr g rk 

(c) The composite segments of z get easily identified. Each 
composite segment is flanked on the left side by g' ’s and on 
the right side by g’s, with certain double subscripts; the 
composite segment itself not containing an occurrence of a g’ 
or ag (with a double or single subscript). 


(d) Each composite segment contains one and only one segment 
of each of the symbols in X, in a certain order; the segment 
of a. . is, however, immediately to the left of the segment of 


(e) 


are 


, 1 < i < n- 1 5 1 < 3 < 2 . 

In each composite segment, the segments of a '-p ^ ,a i 2 
to the .left of the segments of b^ i+1 ^, a ( i+1 ) 2 > 


,13 


i+1 ) 2 ’ 1 1 ~ n 2 * 

(f) If the length of a certain segment of some symbol a. . 

_L J 

(respectively, b-.) in X, 1 < i < n-1, 1 <. j < 2 , is 1 , then 

J. J 

there are at least n-l more distinct segments of a. . (respec- 

J 

tive.ly, b. . ) of length 1 and at least n more segments of b. . 

J 

(respectively, a..) of length 1. 

*L J 

1. G^ stands for G^.-.G^ (repeated .3 times). 


12 
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(g) Consider some s, 1 < s < n-1. Let i be in £ . Then, 
for each j , 1 <, j <.' t , the segment of a . ( respectively , b .) 
is to the left of the segment of a g2 (respectively, b g2 ) , in 
the (i,j)_th composite segment. Again, let i in ^s+ 1 ,...,n^ 
be not in £ . Then, for each j, 1 <3 < t, the segment of 
a g1 (respectively, b^) is to the right of the segment of 
a g 2 (respectively, b g2 ) , in the (i,j)~th composite segment. 


*** 


Now, we ’prove a sequence of two lemmas, which establish 

a relationship between the structure of the sentences of the 

language 1/ A A v and the structure of coupled grammars 

\ S -| * • • • * S / 

generating them. Actually, the latter lemma viz. Lemma 2.3.3 
is the key lemma of this section, and Lemma 2.3.2 is one of the 
results used to prove it. 

Lemma 2. 3.2 : 

Let L be the language l9 a £ \ , for some value 

of e,n, , ..., , and lot it be generated by an n'CG G-, 

n 1 > n. let T = <T^, . . . , T n , > , bo an n' -derivation tree in 

G of any ( n , n ') -segment sentence z in L. Then, for at least 

one 3 , 1 <. 0 <. n' , the following is true: Lor every i, 1 < i <. n, 

there is some i , 1 < i <_ n 1 , such that the (i,j)-th composite 

segment in z, is a substring of result (T . ) 

- L r 
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Proof: 


let us suppose to the contrary. This implies that for 
all j, 1 < ,1 1 n ' > following is true: Por at least one 


i . 


1 < i, < n 


i- s z can he written as u.c.c! v. s where c.,c! a.re 

J D D D n n 


D ’ ' ™ 3 - - - - - 

strings containing type (i. , j) occurrences of symbols, c- is a. 

substring of result(T r ), and is a substring of result(T r , ), 

1 ^ ,T 


1 < , r-j 


. t t 

< n , r^ t r^ . 


Let us 'partition' z at different points such that the 

occurrence of the symbol immediately to the left of a partition 

t is in, say, result(T^) and the occurrence of the symbol 

immediately to the right of t is in result (I.,), t ^ t'. It 

t 

follows from above that we can partition z at at least n' diffe- 
rent points, which implies that there are at least n’+l trees 
in T, which is a contradiction. 


Hence the result. 


Q.E.D. 


Notice that in the above proof, the definitions of compo- 
site segments and segments of a sentence in the language 

j® a A x , do not play any role beyond specifying n 

(n, S- >| » * • • s ]q_ -] ' 

nonempty mutually disjoint substrings of z, and n 5 mutually 
disjoint substrings of each of them. 

Now, we come to the following important lemma. The 
lemma essentially says certain things about the structure 
of the n ! -derivation tree in an n'CO G- in normal form , of 
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some sentence z in L = if b h \, n' > n, if at all 

v IJ ? Cm ? • • • > S -j / 


1 can be generated by G-. 


Lemma 2 . 3 . 3 : 


Let L be the language lif b ^ for some n. 

jL , . ^ n' > n. Let it be generated by an 


n ' 


-n-l 


. . . , T^i > be a n n ’ ~ 


"n 


i 1 < i 1 < 


n'CG G in normal form. There exists a sentence z in L having 

the following property: Let T = < 

derivation tree of z in G. for some i^ , i 

..< i n < n', there are ((M ±1 , ik^), (M i2 , N ±2 ) ) _ mutually 

distinct n’ -paths, 1 <. i 1 n-1, in T, having .the property 

that if the (i , . i ) -distribution of the ((M 3ST ), 

(M 2 , N q2 ) ) -mutually distinct n' -paths, 1 <. c < n_i, in T i s 

(Kk,- , . . ), and (i) if t is in £ , thenTC . is an 

cl c+l cl n , c . C1 t 

identity permutation, and (ii) if t injc+1, nV , is not 

in ( o , thenK cit =[2,1] . 

Proof: 


We will break up the proof into three parts: 


1 . 


Let z 


.a 


‘1111 
i 


11V 1 111 0 ^1 1 2. 1 112 

D , > a ^ ^ U 


'11 "1? w 1 2 


a - l b 1 ‘ 1r1 a llr2 h llr2 
,a r1 D r1 a r2 b r2 


'Irt 


g. 


i 


>g 


- n'H b 1 n'11 1 n'12 b 1 nM2 - x , b - . , ~ 

1 H 1 1 ^ ex A * * * £*■ a <=*■_ o U 


11 


12 


12 


rl 


n , r1- h 1 n’r1 1 n , r2 K i n'r2 


'rl 


r2 


r2 


: ln 6 l 


g a 


where r = n-1, be an (n,n ! ) -segment sentence in L, for values 


of i]]'|»i-]']2’’** ’ ^ 1 r 1 s 1 1 r 2 5 * * * 5 ~n ! 1 1 ’ 1 n ’ 1 2 ' * 
specified as follows: i ^ = i s12 ~ • * = ^srl 

1 ^ s jC n * , s / j j 3 nd i ^ .j ,j ~~ ^ j 2 ~ * ’ ' ~ 


’ "'"n'rl 5 ^n'r2 J 
~ 1 sr2 ~ ^ ’ 
^rl ~ i jr2 = n 


1, 




where j is the constant referred to in Lemma 2.3.2, and 
q. is the constant referred to in Theorem 2.1.1. Note that 
the string z is now completely specified. 

Consider some r and m , 1 £ r <_ n-1 , 1 < in < 2, 

and let z ^ = a rm * ~b rm ' % where the symbols occurring in 

z 1 are of type (1,3). 

Now, from Theorem 2.1.1, it follows that if the positions 
occupied by the symbols comprising z are designated 'dist in- 
guished, then; 

(a) There are two n' -nodes in T, say, M = < M qI > 

and I = < H , . .., N , >, such that ( i) there is an (M,N) -related 

1 M s -N s 

n’-path in T, (ii) for some s, 1 < s < n ! , l_rosult(T ) or 

M -N "" s 

r-result(T s s ) contains a distinguished position, and (iii) for 
s 

each i, 1 < i < n', the length of the longest substring of 

ivl • 

result (GL ) which contains distinguished positions onlyp_s less 
than or equal to q.. 

(b) z can be represented as z = u 1 . . .u n , 

where ( i) ( , . . . , ,w n ,x n , ) , is the n ? -re suit of the subtree 
of T rooted at M, and (ii) (w. , . . . , w ,), is the n 1 -re suit of 
the subtree of T rooted at N, such that z(i) = v^w^x^y^ . . . 

* * u n' v n' w n' x n' y n' J is als0 in for a11 i 2 0. 

In view of (a) above, (b) may be modified to; 

(b') z can be represented as: z = u 1 v^w^x^y^ . . . u n , v n t w nl x n , 
where ( v^w^ , . . . , v n ,w n ,x n , ) , is ^he n' -re suit of the subtree of 
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T rooted at M, and (i) for some s, 1 <_ s <_ n', v or x 

s s 

contains a distinguished position, (ii) for each i, 1 1 i < n' , 
the length of the longest substring of which contains 

distinguished positions only i s less than or equal to q, such 
that z(i) = v^w 1 x^y 1 . . .u n ' v n ,w n ,x n’ y n ! » is also iri L for 
all i > 0. 


Let the set X comprise of those v^’s and x^’s, 

1 ^ i „< n', which contain, as substrings, nonempty strings 
comprising of distinguished positions only (i.e. contain a 
^ype ( 1 » D ) occurrence of a rm or a type (l,o) occurrence of 


it is easy to prove the following two statements: s , 
and- s 0 (see Appendix B) . 

s^: Any element of X contains and contains only 
type (l,j) occurrence of a , or contains and 
contains only type (l,o) occurrence of h rm . 

® 2 : A ^ype (s' ,;i), 1 < s' < n, occurrence of a (res- 
pectively, b ra ) must be in V g , , where V t is v^^ 

or x., 1 < i < n', such tint V . contains and 
J- ' s 

contains only type (s',j) occurrences of a rm 
(respectively, bj. 


Now, from the statement s^, and the fact that the j we 
are using is the one referred to in Lemma 2.3.2, we have that 
for some sequence T'rnT i 1 ’ ***’ i n’ 1 -i i-j < ... < i n < n' , 


« • « 
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v. contains and contains only type (s',i) occurrences of 
s ' 

a rm ? arid x i contains and contains only type (s',,]) occurrences 
s 


of b 


1 < s' < n. 


Again, in view of lemma 2.3.2, it follows that 
T ik = 7^, for all i,k, 1 <_ i < n-1 , 1 _< k _< 2. 

3. Now, in view of lemma 2.1.3 and lemma 2.1.4, there are 

( ,11^) , (M i2 ,N T i2 ) ) -mutually distinct n 1 -paths, 1 < i ,< n-1, 

in T such that if the n ’-result of the subtree rooted at M. , 

is’ 

1 < s < 2, is (X,, ..., X ,), then X. •- v. w- x. , 

I if ~L » 1(1)1. 

s’ s’ s’ s' 

1 <. s ' < n, where v. contains and contains only type (s',]) 

s' 

occurrences of a. and x. contains and contains only type 

ls 1 s ' 

(s',]) occurrences of b. . let the (i , . .., i ) -distribution 

is c * n / 

of the ((M c1 , N ), (M c2 , N^)) -mutually distinct n'-paths, 

1 < c < n-l, in T be (7T , ... , 7C . ). In view of lemma 2.3.1(, 

c+1 G1 n 

we have that if t is in £ , then 77 . is an identity permutation. 


C *\ ^ A 

if t in v c+1, . .., nl is not in & , then'XC^ 


Hence the result. 


L2.1J 


Q.E.D. 


Struct ure base d 


We now prove a lemma which leads to the main results 


of this section. 


lemma 2 


There is a language in Qjf 


r , v n > 2, k > 2, which is 

n , , k ] — - 
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Xj t 

not in 0^, where n' 2 n and (J) (<r ' ,cr) = 0 . 

P roof : 


^ ^ ^ i ’ • • • » ^n- i ’ a nc ^ * * * ’ ^ n ' - 1 * 

n * 

let 1 he the language 1/ / £ \. 

V (ii) * * * * * * * * xi 5 >-| 5 * • • 9 C> -q__ -] / 

Assume, for the time being, that 1 is in , ,x. 

V-n >0- ) 

let it he generated hy an (n', cr !)CG. G- 1 in normal form. 


2. According to lemma 2.3.3, there exists a sentence z 

in 1 having the following property: let T = < T n , >, 

be an n'-derivation tree of z in G-. For some i^,..., i n , 

1 < i^ < ... < i n .< n' , and some n'_nodes M^, N i1 , M i2 , 

1 < i < n-1, in 1, there are EL^), (M i2 , l T i2 ) ) -mutually 

distinct n'-paths, 1 < i ( n-1, in T, having the property that 

if the (i c , ..., i n )- distribution of the (( M c1 » 1T c i) ’( m C 2 ,:N c2^“ 

mutually distinct n'_paths, 1 2 c <. n -1 j in ^ is (7T - , . . , 7T - ) 

c+1 n 

and (i) if t is in £ c , then 7^^ is an identity permutation, 

(ii) if t in $ c+1 , ..., n~r , is not in then 7T . = \j > , f| . 

I n c ci-j- 

3. (p {cr' ,cr) = 0, implies that for every choice y/'of 

j 1 , . . . , j n , such that 1 _< j 1 < ...< j n <. n ’ , there is atleast 

one t, 1 1 t £ n-1, and atleast one s in j't+l , ..., n^. , the 

values of t and s possibly depending upon yr , such that s is 

not in t+ while 1 is in £ * 

u s ^ i * 

Let y i i n , which is the sequence referred to 


in 2 above. 
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Nov/, from 2 ahove, s is not in implies that 
= Q2,l3 = a non-identity permutation. But i is 

, which according to Lemma 2.1.5 implies that "A , . , 

ti s 

is an identity permutation. This is a contradiction. 

To complete the proof, it suffices to show that the 

language 1^ > is in <2(n,o-,k)- Thls we sbow 

in Appendix C. 

Q.E.D. 

from Lemma 2.2.1 (also using Theorem 2.2.1) and Lemma 
2.2.4, vve have: 



Theor em 2. 2.1 : 

Xj Xj 

(£( n a _ k ^ and i), are incom parable, where n > 2, 

99 9 cr 

k > 2, n' > n, and (p (cr' }<r ) = 0. 

Cor. 2 .2. 1.1 : 

Let CT~ = s)| , . . . , for each n’ , there is a language 

in ? ^ k ) , which is not in , , where ^|2,...,n^- , 

n > 2 , k > 2 . 


Cor. 2.2. 1 .2: 

S(*,n,r,lE) an4 are i^mparable, where 

m' n ' 2 n > m ' +n ' > m+n, k > 2, and one of the following 

statements is true: 


(i) (p^ {<r , cr ) = 


0 . 
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(ii) m ) 2 and o-jO = 0, where err is the 

A- simplicity of the in-input grammar 'of some (m+n,<r;k)CG, 

and err is the ^-simplicity of the m'-input grammar of some 
(m'+n' , (J i)C&. 

(iii) n > 2 and err) = 0, where q- is the 

s u o o 

M -simplicity of the n-output grammar of some (m+n,a*;k) CG- and 
<f-' 0 is the M . -simplicity of the n'-output grammar of some 
■ (m'+n' ?cr l)C&. 

Oor. 2.3. 1.3: 

let dr = 5 . . . , £ m+ri _-j • For each m 1 , n' , there is a 

translation in n which is not in where 

^ £ ^2 , . . . s m+nj, 5 a nd k > 2 . 

*-** 

Again, from Theorem 2.2.1 and lemma 2.3.4, we have: 


Theor e m 2 . 3 . 2 : 


£.(n,<r,k)A e 1 


(p h {<r ,<r) = 


0, and 


( ^ » c T~ > 
1 


k-') 


where n > % k > 2, k > k' 


( P cr ) =1 


*** 


In view of lemma 2.1.6, we have: 

Cor.- 2 . 3 . 2 . 1 : 

Let cT" — ^ • j i ■] ? and ( _j_ — , . . . , ^ ^ . 

<2 wb, ; re n ~ 2 ’ k - 2 ’ k ^ k ’’ 

for every j, 1 < 3 < n-1, £■, C , and for atleast one 3, 

J J 

1 < 5 < B-i, 






Cor 2.3. 2.2; 


1 1 1 


Let cr = ... ,i n _ r 

l '-'(ri,cr', kjkx* ^(n s k) ’ where ^2,..., nk , n 2, 

and. k > 2. 

Cor. 2. 5 . 2. : 

*— '(m ) n, t r,k)'^ < “Cni,n, tf 2 ,k') ’ where lc > k\ k>2, 

P (<9*,<T') "0, and (p = ^ ■ 

Cor. 2 . 3. 2. 4 : 

Let cr= ^ » • • • » ^m+n-l* 

C( T m ,n,<r,k) (m,n,k :) > where ^ “«} > and 

k > 2. 

**•* 

The last result in this section follows from lemma 2.3.4.* 
'Theorem 2.3.3 : 

©(n,<r,k) and are incorap2rable ’ where 

k > 2 , k' > 2, n > 2 5 kp L (cr' p-) = 0, and <p L (cr,cr) = 0. 

Cor. 2. 3. 3.1 : 

let c f~ = ^ j • • * 9 §> -q__ -j ? a "L. 0- — -| ? ... s -j ♦ 

Xj Xi 

G(n jC r,k) and ^(n.^.k')’ are “““Parable , where 
n > 2 f k > 2, k' > 2, and either of the following two statements 
is true: 
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(i) for atleast one j, 1 < 3 < n-1 , i . C £! , and for 

~ “ ^ 3 y: 5 3 

atleast one j, 1 < 3 < n_l , ^ ’ C L . 

( ii) for atleast one 3, h . and £ . are incomparable. 

3 3 

Gor. 2 . 3 . 5 . 2 : 

<2.(m,n„r,k) arld ,k') > ar0 “““liable, where 

k > 2, k' > 2,<p L 0' ,<r) =0, and (phtr,^ ) =0. 


2 . 4 STRUCTURE RESULTS - III : 


In this section, we investigate the structure induced 

on the coupled languages and coupled translations, by the 

order of the coupled grammars generating them. We will prove 

that the order induces an infinite hierarchy on the coupled 

languages and translations. The methodology adopted is to 

prove that there is a language in % , which is not in 

V 5 vj J£ ) 

^(n',k-l) s ^'>n s k> 4, CT= is such that 

i 1 ^ {2,... , njr. Here also, we need a class of languages 
which can be used to prove, the above mentioned 'negative' 
result . 

We specify the above mentioned class of languages as 
follows: 

for every n > 2, e > 1, and ^ a certain subset of 
^2 ,..., n^ , and k > 2, we define below the language L^ n g ^ ; 
the above mentioned class comprises of all such languages. In 
order to do so, we shall first define for i > 1, it 2i to be the 





113 


permutation Qi+1 , 1, i+2, 2,..., 2i, i] , and rc ± be 

the permutation: [i,2i-1, 1, 2i-2,..., i+1 , i-l] . 

T 0 


J (n,£,k) 




Hk^Hk, 


X 1fc 1 1k b , 31 Hi 

u k b k ^...n^a^ & 1 


h > a “ 121-^121 


- a k v h itgi h 2i a i;;' b i 21 
^121,^121, h < Jt 2ljt21 

1 2k 1 2k ^ 1 21 X 21 

3 2 k 32k, a ,« J ini 3 ini 

• . • d,-, D-, rip, gp* ♦ • 3 • • * 

1 2k X 2k ^ d n1 1 n1 i n1 

J ink, 0 ink, , ' 3m, 3l 

• • « Ci-^ (J-, *4 • ♦ • -1 ri-| ♦ • • 

1 nk 1 nk 1 i nl X n1 

• • ' a i trikb i tnkll n t s n » where for all 

1 nk i nk nt n 

i,m,r, i > 1, 1 < m < k, 1 < r < t, 


(i) For r < e, h ir = g ir , h]_ r = g[ r , and for r > e, 


if r = e,i+r', j > 1, 1 _< x- ’ <. e , then h 


ir 


3 ir 1 


i ' •* 

ir 


ir 


(ii) 3 


rsm 


> 1 sm = - for a11 3 111 


^2,..., nj. , such that s is cot in ^ . 

(iii) j rsIP = i OT , l sm = m, for all s in £ 

!i m > i, t > i y 

The following example illustrates the definition of 
the above language. 


1. Observe the similarities between this language and the 

language if A a \ defined in section 2.3. 

v n ? Si > * • * » Sn_v 
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Exampl e 2,4, 1 : 


L (3,$3>,3) 




• • • ^ ^ _f_Q. 

i 


1 a 1 ' t 1 b 1 ' t 1 e 1 " fc 2 l lt 2 a lt 3 b lt3 h e 


'2 2 


h ! a J 'l3 b 1 13_ 1 11 b 1 1 1 a ll 2b ll 2 

3 3 U 1 ^2 u 2 ^2 1 * * # 


3 ^3 it s l 

b„ 12 h. 


...h^a3 1 3„3 1 3 a Jn^ 11 «2 12b 2 12 h 2t g 2 


? n “^~iO h 'Z 

...h^ i _a 1 b 1 a ? 1> 2 ^h^g^, where 


for r .< 2 , h ir 


l- , h . 
hr’ lr 


hr : 


and for r > 2, if r = 2.j+r' 


Oils 1 1 r’ < 2, then h = g ,, h. = g, , , 1 < I < 3 


i u1 9 i u 2 9 i u ^ ^.^9 ^ 9 ^ * 




The proof of the following lemma is exactly on similar 
lines as that of Lemma 2.3.3 and is omitted. 


lemma 2 . 4.1 : 

n' 4 

let L be the language l^ n ^ ^ * for some .n,£ ,k,n,n' 2 n. 

let it be generated by an n'CG G in normal form, there exists 

a sentence z in 1 having the following property: let T •= <T ,...,T n 

be an n ’-derivation tree of z in G. for some i^ , ..., ± n , 

1 < i 1 < ... < i n <. n ’ 5 there are ((M^ (M fc ,N k ) )_ 

mutually distinct n’-paths in T, having the property that if 

their (i. , . .., i ) -distribution i s (7T. , . .., ^T. ) 5 and if 

r 1 ? a 2 n 

t in < 2 , . . . , n V is not in 5 , then ~K. = m* 

i J t *■** 
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The following definitions help in simplifying certain 
statements: 

let T = < T , . .., >, be an n-derivation tree. If 

T' is an n-derivation tree which is got from 1 by relabeling 
all the nonpendant nodes In each UP , 1 ,< i <. n, such that if 
M is an n-node in T, then it is an n-node in I ' also, and no 
two n-nodes in T ' have got the same label, then I 1 is said to 
be got from T by distinctly relabelin g ■ T. 

*** 

Let 1 be an n-derivation tree in •■am (n,cr,k)CG • 

G = (Yjj, Yj, P, (S) n ). It is clear that from an Inspection 
of I, we can say as :to which productions have necessarily to 
be in P, if at all T is to be an n-derivation tree. Call the 
set of such productions as the 'production set associated with 
I ’. Now, we have the following definition: 

Let I = < T . .., T n >, be an n-derivation tree, let A 
be the label of its n-root , X be the set of labels of its 
n-nodes and Y be the set of labels of the pendant nodes of 
. .., T n , and P be the production set associated with T. 
Then, G = (X, Y, P, (A) n ), is called nCG associated with T. 

We now prove a lemma which loads to the results of this 
section. 


Lemma 2.4.2: 


e 


There is a language in <r x) 5 is in 


(n' k-1)’ where «' > n, k > 4, and CT-- 


* 


•JO 


rul 


is such 
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that 

Proof 




n 


T1 

Let L he the language L, ^ v \ 


Suppose that 1 is in ^ k ^ . Let this language 


be generated by some (n' ,o~" ,k-l)G 


G G„ in normal form. Let 


°r = ^1 ’ * * * » £ n r _1 • 

We know that ^^2, •••> . Let s in ^ 2 ,..., nj- . 

be not in ^ . Let us now use Lemma 2.4.1. We have that there 
exists a sentence z in L having the following property: Let 


T = < I 


1 


, T n t >, be an n’ -derivation tree of z in G. 


For some i^ , . .., i n , 1 < i^ < ... < i n < n’ , there are 
( (M N ), (M^, N^)) _ mutually distinct n' -paths in T, 

having the property that if their (i^, ..., i n ) -distribution 


is 


, • . • , ^ ) , the 
2 n 


n 


7T 


n 


k* 


let "A be the (1, i^ ) -distribution of the above mentioned 
mutually distinct n'-paths in I. 

Now, through a sequence of constructions, we will get 
from G, 'Syntax directed translation grammar of order k-1 (3), 

'defining' the translation: 


1 = 


1 'l a 1 2 
'1 2 ' 


k-u'Hv*^ -u^ 


(a,, l a 0 *. . ,a v ^,b^ 'b 9 ^. . .b k ) | for 1 < m < k, > 1 


D m k (m) a m ’ and 3 it k (m) 
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1. Get an n' -derivation tree I’ = < II ^ 1^, > from 

I by distinctly relabeling I. 

2. let T" = < T! , t! >. Then, T" is a 2-derivation tree. 

1 x s 

Corresponding to each n'-node in I 1 , there will be a 2-node in 

T In particular, we will have the 2-nodes: = < 11^ , >, 

i ^ s 

and 11 = < 11 ^ , 11 ^ >, 1 < i _< k, where Ivl = < 1.1^, ...» Mn^, > 

and 11 = < II ^ , . . . , 11 n , >, 1 < i < k, are n '-nodes in I 1 , 

referred to above. 

3. Replace the labels of all pendant nodes in Tl , l! , 

1 1 1 s 

by 6. 

4. If for i, 1 < i < k, is the label of M^, then 

replace the subtree in t" rooted at In by the 2-derivation 
tree shown in Figure 2.4.1. let 1^ = < 1^ , >, be the 

resulting 2-derivation tree. 

5. Get the grammar associated with I^. let it be s 

G^ = ( » 7^ , P , ( S, S) ) . 

6. Reduce G f to G^., where 1 I.j(G f ) = T^G^), and all non- 
terminating productions in G^ are of the type: A - ( , ( a 2 ) ; 

using lemma 1.2.3, if there is some nonterminating production 

in G f which is not of this type. Clearly G^ is a 'Syntax directed 
translation grammar of order k-1 1 ( 3 ) and it defines the trans- 
lat io n T . 

1. T -](G f ) is the 1-translation generated by G f . Similarly, 

T^(Gp is the 1-translation generated by G^. (See Section 1.2). 







The existence of G-^ defining the translation T is a 
contradiction to the proof of a theorem (Theorem 3.3) in (3 )• 

To complete the proof, it suffices to show that 1 is in 
• T he construction of an (n,cr;lc)CG which generates the 
required language is given in Appendix D. 


Hence the result. 


Q.S.D. 


The following result follows from Lemma 2.2.1, 

Theorem 2.2.1, and Lemma 2.4.2: 

Theorem 2.4.1 : 

Lot , « • • t • 

(a) ^£<n,o-,k) ’ where 11 2 , ^2 , , . . , nj- , 

k* > 4 , and k' > k. 

(b) < 2 ( n 3 -k') and ^(n',k) 5 are ^comparable, wherG > n ’ 
^ / ^2, ... , nj , n > 2, k' > 4 , am k’ > k. 

Cpr,.. _2 . 

Let O' = £ , , . . . , £ 


V * * * » ^m+n-1 * 


<»> C(m,»,*Vc')^ e (m,n,<r,k)’ whsri ^1 *[*• -’*+»} 

k' > 4 , k' > k. 

O’) and G (m',n',k)’ ar = incomparable, where 

m’ > m , n r 2 n ? ' +n * > m+n , k 1 > f, f > 4, and 5 ^ ^ 1 2 , ... 


*** 
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From Theorem 2.2.1, Lemma 2.3.4, and Lemma 2.4.2, we 
have the following result: 

Th eo rem. , 2. 4.2 : 

A <£ 

Let- 0 — , ... , • 


(2< ni(r ' ik ' ) ana e.( nj<TTk) , are incomparable, where 

. 1 / 


n > 2, 
k' > 4. 


>1 


tfc, .... »} . t pV'xr ) = 0, k' > k. and 


*** 


In view of Theorem 1.2.1, we have: 

Cor. 2.4. 2 tJ_» 

Let cT = ^ , . . . , • 

, v ,n and n are in comparable, 

Mm,n )(r ^ ) (,m 5 n, cr,m; L , , _ n 

, k' > 4, > k, and ^ (a- ^ - u< 

Xl 

corollary, ^ (cr’ , o~) =0, 

implies that ^'Cr' ,^,m) = 0. 

Finally, we come to the following set oj. 


where 


>i ^ { 2> •• 


m+n< 


J 


Observe that in the above 
.T, 


re suit s : 
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Theor em 2.4.5: 

( a ) ^(rijk) ~ ^(n,k_i) 5 k > 3 ; 

., I 1 T 

~ ^(112,11, k_i ) ’ k > 3 ; 

(c) Al,1,2)^ £> (1,1,1) ; 

(d) ^( 1 , 1 , 2 )^ 1 , 1 , 1 ) ; 

(e) 1,1,3) = ^(1,1,2) ; 

^ ^2,3) = ^(2,2) * 

*** 


In the above theorem, (a) and (b) follow from Theorem 1.4.2 
and Cor. 2.2. 1.1. (c) and (d) follow from the fact that the 
class of context-free languages properly contains the class 
of linear languages ( 9 ). (e) and (f) follow from the fact 
that a ^syntax directed translation of order k J is the same as 
0(1 ^ ^ , and the corresponding result in ( 3 ). 

2.5 C ONCLUSIONS : 

In this chapter, we have investigated the structure 
induced by the degree, A- simplicity and order of coupled 
grammars on the languages and translations generated by them 
and their interrelationships (these results are given as 
theorems in sections 2.2 through 2.4). Actually we have proved 
the following structure results and the various other structure 
results follow from these: 




I L 
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(a) There is an (n +1 ,<T,k)~ coupled language (or an 
(n+i ,k) -simple coupled language), k 1 , which is not an 
n-coupled language (Lemma 2.2.1 and Lemma 2.2.2). 

(b) Any (n,<r, k)-coupled language is also an (n,<r(k')- 

coupled language, where h'> n, k' _> k, and ,a-) = 1 

(Theorem 2 . 2 . 1 ). 

(c) There is an ( n, or, k) -coupled language, n > 2 , 

k > 2 , which is not an (n* ) -coupled language, where n' 2 n 

and $> L (<r' ,<r) = 0 (Lemma 2.3.4). 

(d) There is an ( n,<*r,k) -coupled language which is not 
an (n',k-l) -coupled language, where n' > n, k 2 4 * and 

or = ^ , — , is such that ^ ^^2, . . . , n^> (Lemma 2.4.2). 

In view of the fact that ’syntax directed translation ' (4 ) 
is the same as ( 1 , 1 )-coupled translation and 'simple syntax 
directed translation' is the same as (l,l)-simple coupled trans- 
lation, it follows from a corollary of one of the results of 
this chapter (Cor. 2.3. 2. 4) that the class of syntax directed 
translations properly contains the class of simple syntax 
directed translations. Thus we have provided an alternative 
proof of this result to that given in (4 ). 

We have proved a pumping theorem for (n,cr,k)-coupled 
languages (Theorem 2.1.1). This result is not limited in its 
use to proving structure results only. In fact, we use this 
result in Chapter 4 also, for proving certain other results. 
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From the pumping theorem for (n,<r,k) -coupled 
languages, a more powerful result (Cor. 2. 1.1.2) for context- 
free languages than the uvwxy theorem follows, in that it 
allows decomposition of a sentence relative to any given 
substring z^. This result is not, however, as general as 
the Ogden's lemma (27). 

-In this chapter, we have used extensively the concepts 
of n-derivation trees and related concepts, introduced in 
Chapter 1. have found these concepts useful for proving 
various results. We have introduced in this chapter the con- 
cepts of language simplicity predicate and translation simpli- 
city predicate which play an important role in proving various 
structure results. 


We feel that the following conjectures are true: 

^(n,cr,3)tV ^( n ,°">2) ’ and ^ (m,n_m,<r,3)^ ^(m,n-m,cr, 2) 5 
where n > 3 and<r=£ 1f ..., <^ n _ 1 is such that ^ / [2 , . . . , nj , 

^ & (n,2) ^ ^(n, 1) » and ^(m,n_m,2) 
where n > 2; 



(5) <2(m,n,cr,k) add ' , a' >C J) > incom^ratle , 

where m' _> m, n’ _> n, m'-t-n 1 > m+n, k _> 2, and (p (<j-' 7 or* »nn * ,m) = 

and C( m>n>cr , k) . are incomparable, 
where k' > 4 , -k' > k , (p T (<r' ,cr,m,m) = 0, and <r= ^ . 

. . . , -^xQ-hmu- 1 ’ ds suc ^ "^at ^ 2 , . . . » m+n^. ; and 
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i* 


(5) (2 ^ /§ • 

We believe that (l) and. (2) can he proved through the 
use of the concept of n-derivation trees, and the conjectures 
(3), (4) and (5) can be proved by extending the scheme of proof 
that we have developed for proving Lemma 2.3.4. 

The degree, it- simplicity and order are some of the 
complexity measures of coupled grammars. These measures can 
also be indicators of the 'difficulty' of writing coupled 
grammars which model certain classes of languages or transla- 
tions, or of the 'complexity* of systems based on these grammars. 
The results obtained in this chapter throw light on how res- 
trictions on coupled grammars in terms of these complexity 
measures affect their generative power. The general implication 
of these results is that such restriction( s) on the value(s) 
of one or more of these complexity measures of coupled grammars 
may entail loss in their generative power and such restrictions 
on the values of different complexity measures may entail diffe- 
rent losses in their generative power. 





CHAPTER 3 


MACHINE CHARACTERIZATIONS 

In this chapter ? we discuss machine models which charac- 
terize the class of n-simple coupled languages and the class of 
( 1 ,n) -coupled translations. 

In section 3.1, we propose and discuss a class of 
machines which we call rut urn generalized checking automata, 
and prove some simplification results of these machines. In 
section 3.2, we prove the equivalence hetween the class of . 
languages accepted by n-turn generalized checking automata 
and the class of n-simple coupled languages. In section 3.3, 
we discuss n-pushdown assemblers, which we propose as machine 
characterizations of ( 1 , n) -coupled translations, finally, we 
sum up our conclusions in section 3.4. . 

3 . 1 n- TURN GENERALI ZEE CHECKING A U TOMA TA (.39): 

The definition of the rut urn generalized checking auto- 
maton, as we propose belowj is a generalization of the definition, 
of n-turn checking automaton (35). One can also look at this 
definition as the minimal extension of the ' features of 'res- 
tricted’ pushdown automata —which cannot overprint on or 
erase a symbol on the pushdown stack, so that they can serve 
as machine models of n-simple coupled languages. If we put the 
constraint that the n-turn generalized checking automata must 
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simulate the leftmost derivations of n-simple coupled grammars, 
we get some pointers as to why these machines are defined the 
way we have defined them. (Also note in this connection that 
the class of languages accepted by 1-turn generalized checking 
automata has to be the same as the class of context-free 
languages) . 

Basic D efi nitions : 

We shall first discuss informally the features of an 
n-turn generalized checking automaton and how these features 
can be used by the machine i.e. the 'working' of the machine, 
later -we shall give its formal definition. 

Let n > 1. An n-tur n generaliz ed chec king autom aton (nGCA) 
(see figure 3.1.1) is a nondeterminist ic machine which consists 
of: 

a finite control; 

an input tape and a 1-way input head, the input tape 
being 'read-only'; 

a counter which can contain numbers from 0 to n and 
which can get incremented by 1 at a time (cannot got decremented); 
and 

a stack and a stack head which can move both ways but in 
a restricted manner: The stack is infinite in one direction 
only, say to the right, and is divided into cells. The blank 
cells are said to contain the 'blank' symbols. There are two 
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special stack symbols, one of which acts as the 'left end 
marker' (marking the left end of the stack) and the other acts 
as. the 'stack string right end marker' (marking at any instant 
the right end of the nonblank portion of the stack). 

The nGCA can bo either in the 'checking' (read-only) 
mode (which will be the case when the counter contains a 

, A 

number different from zero) or in the 'adding' (read/print) 
mode (which will be the case when the counter contains zero). 

The input head does not move when the machine is in 
the adding mode, or when the machine is in the checking mode 
and the stack head is reading the stack string right end 
marker. In other situations, the input head may either 
choose not to move or may move right by one cell. 

The stack head- cannot erase a stack symbol or over- 
print on a stack symbol. It can, however, overprint on a 
blank symbol. It can read any symbol in the nonblank portion 
of the stack. In the adding node, the stack head can print 

O 

£ L (respectively, can print a string of stack symbols - possi- 
bly £, which does not contain the loft end mrkor and the 
stack string right end marker) , when reading the stack string 
right end marker (respectively, when reading a symbol other 
than the stack string right end marker, say Z) t This 
it does as follows: The machine 

1. We will use the terms: print, store, add, to mean the 
same thing. 

2. Printing £ means not printing anything. 
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shifts all nonblank symbols to the right of Z to create just 
enough blank cells immediately to the right of the cell 
occupied by Z so as to accommodate the string to be printed 
and prints the string in these cel. Is, in order from the left. 

Note that the stack contents will always be Z^ followed on 
its right by a nonblank string of stack symbols (which does 
not contain the left end marker and the stack string right 
end marker) followed by the stack string right end marker 
followed by an infinite sequence of blank symbols. 

as far as motion of the stack head is concerned, the 
stack head can choose one of the two alternatives: 

1. Move right by one cell (in which case the machine 
does not increment the counter). 

2. Move to the leftmost cell of the stack-irrespective 
of the current position of the stack head (in which case, the 
machine increments the counter). 

Formally, an nG-CA is a 10-tuple: 

Ivi = (Q, 2, F , & Q , 6 C , C, c.i 0 , Z Q , Z R , F) , where, 

1. o is a finite set of states , with as the start state 

2. E is a finite sot of input sym bols : 

3. P is a finite set of no nb lank stack symbols which 

includes the left end marker a nd the sta ck string right end 


marke r , Zq and Z^, respectively; 
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4. C is a co unter capable <?f containing any integer i, 

0 < i < d; 

5. F, the set of final (hal ting) s tates is a subset of 

Q; 

6. 6.., is either a mapping from (Qy( f r -4ZpV))to finite 

a _ <• ' j 

subsets of (Q'/(ib-(z 0 , Z^)*^ or a mapping from 

(Q X 7 Zjg, ) to finite subsets of ( QXy HX < 0 , ) ; and 

7. & c is either a mapping from (Q X, ( 2 ^ {^jO X (P~ j%V) 
X(C - jo 7 r )) to finite subsets of (QX|0,l|) or a mapping from 

(QX | e VX jZj^X to finite subsets of (Q)(jo,li). 

*** 

6, is the 'next move mapping 1 for the condition when the 
counter contains zero. Under this condition, the input head 
does not move, any string of stack symbols (possibly £) may be 
printed on the stack (without destroying any information) , the 
machine may change state, the stack head may move right hy one 
cell (in which case the counter is not incremented) or the stack 
head may move to the leftmost cell of the stack (in which case, 
the counter is incremented by 1). 

If 6 (q., Z) contains (q' , Z 1 ... Z k , 0) (respectively, 

( q 1 , Z ^ . . . Z k , 1)), k > 0 and the counter contains zero, then 
if the symbol scanned hy the stack head is .Z and M is in 
state q, the machine may go into state q' , shift rightwards 
1. k = 0 means that Z,....Z k = £. 
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all stack symbols which are to the right of Z (if any) by k 
cells, print the string . . . Zy. in order from left in the 
cells (one symbol in one cell) immediately to the right of 
the one occupied by Z, move the stack head right by one cell 
(respectively, move the stack head to the leftmost cell of the 
stack and increment the counter), without moving the input 
head. 

6 is the 'next move mapping' for the condition when 
the counter contains a number different from zero. Under this 
condition, the input head may move by one cell or may not move, 
the machine may change state, the stack head may move right by 
one cell (in which case the counter is not incremented) or may 
move to the leftmost cell of the stack (in which case the 
counter is incremented by 1). 

If 6 (q, a, Z, 3) contains (q ! , 0) (respectively, (q’,l)), 
1 < j < n (respectively , 1 _< 3 <_ n_l), the counter contains 3, 
the symbol scanned by the stack head Is Z, the symbol scanned 
by the input head is a (in case a = £ , then it does not matter 
what symbol the input head is scanning) , and the machine is in 
state q, then the machine may go into state q 1 , move the input 
head by one cell - in case a / 6, or not move it ~ in case 
a = 6", move the stack head right by one cell (respectively, 
move the stack head to the leftmost cell of the stack and 
increment the counter). 
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We call the move of the nG-CA when it is in the adding 
mode as an adding move and its move when it is’ in the checking 
mode as a check i ng move . Note that a checking move cannot pre- 
cede an adding move. 

We define a 'configuration* of an n&CA M = (Q, 2 s f 7 , 6„ ? 6_ 

a, C 

C, q_Q , Z Q , Zj^, F) , with input in 2 , to be a combination of the 
state of finite control , contents of the portion of the stack 
including and to the left of the cell scanned by the stack head 
if the stack head is scanning a blank symbol, otherwise the 
contents of the nonblank portion of the stack (the position 
of the stack head being shown in both cases by the special 
symbol the cell scanned by the stack head is the one 

immediately to the left of this' symbol) , the contents of the 
nonblank portion of the input tape including and to the right 
of the cell being scanned by the input head, and content of 
the counter. 

Formally, a configuration of M is a 4-tuple: ( q,w, a, 3) , 
where q is in Q, w is in 2*, a is either in Z^f 7 - JZq jZ^v ) qnp- 

j Z 0 »%!)*%» or in z 0 (r ~ f Z 0 ’ Z R^ 

Wc say t hat : 

2 

( s w ^ , a 1 , 3 -| ) ( ^2 5 w 2 ? a 2 ! ^ 2^ 5 

1. Note that the machine cannot proceed any further from this 
configuration. This is why the configuration as we have 
defined above need not and does not describe situations in 
which the stack head is reading a blank symbol which is not 
the leftmost blank symbol in the stack. 

2. ’M' may be dropped from under 'f~' whenever, because of the 
context no ambiguity can result. 
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if configuration (q 1? , a 1 , can become (q 2 , w 2 , a 2 , D 2 ) 

by a single adding move. Also, if (q^, , j^) can become 

(q 2 , Wg , « 2 > D 2 ) hy some number of adding moves (including zero 
moves), then we write: 

q y 

( C L 1 , w 1 , a r j 1 ) r~ (q 2 , w 2 , a 2 , j 2 ). 

If ( q.| , w 1 , a 1 , d-,) can become (q 2 , w g , a_ 2 , j 2 ) by a 
single checking move, we say: 

. ( l-j j w -| s ®-| 9 D -j ) 1 ( q_2 5 w 2 5 ®“2 ’ ^ 2 ^ * 

Similarly, if by some number of checking moves (including 
zero moves), (q^, , D-|) can become (q 2 , w 2 , a^, j 2 )> we 

write : 

( A-| 9 , cx^j , 3 -j ) 1 ( i 2 9 w 2 ’ a 2 * 3 2 ) * 

M accepts an input w if it can be written as w^...w n , 
w j_9 1 <. 1-9 <. n 9 i r - 1*9 and initial configuration: 

(1q 9 w 1 . . .w n , Zq^Z^, 0 ) , is such that 

(q Q ,w r . .w n ,Z 0 f Z R , 0 ) 

( q. 1 » w r ..w n , Z^-cca 1 2 ^, 1 ) 

( 1 2 » w 2 * • • w n 5 Z 0 T aa ' z r » 2 ) 


[— (i n 9 w n , Z Q f aa 1 Z R , n) 
(l,e,Z 0 4a'Z R ,n) } 

for any a, a', q 1 , q n , and some q in 1? . 
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4* & Q ( Q.-| f 6 > Z Q , 1 ) - | ( , 0)\ , 

(Skip Z Q ). 

5» a. , Z^, 1 ) — -^ ( q -j > 0 ) ^ , 

(Check a against z^ when the counter contains 1). 

‘5q( ( 1'|7 t, ^2 5 1 ) = |'(q i , 0 )^. , 

(Check h against Zn when the counter contains l). 

7. 5 c (q 1 , e, 1) = ^(q 1 , l)j , 

(Sense the right end of the nonblank portion of the 
stack and increment the counter). 

8. 6 c (q r G, Z Q 5 2) =|’(q 1 , o9y 
( Skip Z Q ) . 

9* 6^(q^, c, Z 1 , 2) — ^(q^j 0)j. ’ 

(Check c against Z^ when the counter contains 2). 

10. 8 c (q 1? £, Z 2? 2) = [(q f , 0)^ . 

(Sense the end of the Z^ symbols on the stack and 
enter the final halting state). 

M accepts the input if all symbols get checked properly, 
machine enters the final halting state and the input is 
exhausted. 

Let us see how the sentence -aabbcc is accepted by M 
by tracing the configurations of the machine. 

(q_ 0 , aabbcc , Z Q ^Z R , 0) 

^(q^, aabbcc, 0) 

(by rule 1) 





(q. 0 > aabbcc, Z Q Z 1 Z^-f- Z ? Z ? Z R , 0) 

(by rule 2) 

1~ ( s aabbcc , Z, ] Z, ] Z 2 Z 2 Z R , 1) 

(by rule 3) 

t^-(q 1f aabbcc, Z Q Z 1 4- Z 1 Z^Z^, l) 
(by rule 4) 

h 2 - (l 1? abbcc , Z^'Z^f Z^Zr, D 
(by rule 3) 

b 2 " ( 1-] 5 bbcc, Z Q Z 1 Z 1 Z 2 ^Z 2 Z R , 1) 
(by rule 5) 

|~ 2 *(<1 1 , bcc, Z 0 Z 1 Z 1 Z 2 Z 2 ^Z R , l) 

(by rule 6) 

p-(ci r cc, Z Q Z 1 Z 1 Z 2 Z 2 ^, 1) 

(by rule 6) 

b 2 "(o.-i> cc, z 0 tziZ 1 z 2 z 2 z R , 2) 

(by rule 7) 

cc, Z 0 Z 1 tz i Z 2 Z 2% , 2) 


(by rule 8) 






1 37 


^•(V c, Z 0 Z 1 Z 1 4'Z 2 Z 2 Z r , 2) 
("by rule 9) 

e, z 0 z 1 z 1 z 2 l z 2 z R3 2) 

(by rule 9) 

p-(q f , e, z 0 z 1 z 1 z 2 z 2 4-z r , 2 ) 

(by rule 10) 

Simpl if ication Results : 


The following lemma simplifies some of tbe later proofs. 
It relates the number of symbols stored by an nG-CA to t lie number 
of moves it takes the machine to ’cross over' all of these sym- 
bols, in the adding mode of the machine. 


Lemma 3.1.1 : 

Let M = (Q, Z,P, 5 a , 6 C , C, q Q , Z Q , Z R , 1), be an nlCA. 
If for some q' in Q, t >_ 1 and Z 2 , Z^ in ) r - f z O ’ Z R' 5 

(qjWjaZ^ Za' ,0) 1 j- 2 -* (q T ,w, aZ^ . . .Z t zf a',0) , in x naves, where 
Z^ , Z are in f 7 , then x = t. 

This follows from the fact that it takes one move to 
cross over Z and one move to cross over each symbol stored, 
for a proof of the lemma, see Appendix E. 

1. from a close look at this, we note that Z-j cannot- be Zjp 
We are not interested in the case: Z-j = Zgj the lemma 
however trivially holds true for this case also in v ie’w 
of the fact that the stack head cannot store any stack: 
symbol when reading Zr i.e. t = 1. 
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We will now introduce a few notations: 


Let M = (Q,2,r,6 a ,6 c ,G,q 0 ,Z 03 Z R5 l) be an nGCA. 
(Z ,q_,q..] , . . . , q n ) is an A- vect or in M and 


n» V * 


, w ) is a B- vector in M, where Z is 


J • * • 5 A 

in l 7 ,q.,q. 1 , , l n are in Q and w 1 , . . . , w n are in 2*. 


( 1 > 1-} S • • • 


Let (Z^ q, q 1 
1 


q ) be an A- vector in M and 


, q^ 3 w 1? w^) be a B_vector in M. We intro- 


duce a relation 


as follows: 


yf 


n' 

between A-vectors and B-vectors in M 


(Z v Q. > 1^5 • • « •> Ip jp” ^ N ’ ^1 r ' * ' ’ j W ^ y « • • * 
iff 

for some Z^ , . . . , Z^ , t > 1, 

(a): ( q,w, aZ^ Za' , 0) 

j-^-* (q’,w,aZ 1 ...Z t zt'a’, 0) 

and 

(b..)i (l-j ,w^ , aZ 1 { Z 2 . . . Z t Za* , j) 

p-* (q-, e, az r ..z t zfa ' 5 j), 

v/here , Z are in p , 1 < j < n. 

Note that the contents of the stack in the configuration 

shown on the right hand side of p-* are the same as the contents 

of the stack in the configuration shown on the left hand side 

of , for each (b.). 

J 
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In view of lemma- 3.1.1, tie number of moves in which 
(a) results is the same as the number of moves in which each 
(b.), 1 _< j <_ n, results, viz. t. 

d 

We will view the i-th move in which (a) results and 
the i-th move in which (b.) results, 1 < j <_ n, as constituting 

d 

the i-th step . 1 <, i < t , in which, 

( 9. ? 1^, ..., QL-^, W-j , * , • , • 

We will now define a normal form for nG-CA' s. 

An nG-CA M = ( Q, 2 , f,8 a ,6 c ,C , , Z Q , ) is said to be 

in normal form if it satisfies the following conditions: 

(1) The counter is incremented in adding as well as in 
checking moves only when the stack head is reading Zg_. 

(2) A string is accepted only when the stack head is 
reading Z^_ and the counter is containing n. 

Let us now prove the normal form theorem. 

Theorem 3.1.1 (Normal Form Theorem): 

G-iven an nG-CA M' , we can construct an nG-CA M in normal 
form such that T(M') = I(M) . 

Proof : 

We will give the proof in two parts. For each of the 
two pants, we will assume an nG-CA M' = (Q T , E,f” 7 ,8 a , 6 C , C, q^, 

Z Z^, F) . For part (b) , we will assume that M' satisfies 
condition (l) of the normal form definition. 
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(a) let us construct an nGCA 1VI = ( Q, S ,P,& Q , 6^ ,0 ,-q 0 , Z^, F) 
satisfying condition (l) of the normal form definition: 

q = Q’ (j Q". The members of Q H are those introduced 

below. Q" = 0, to start with. 5 and 6 comprise of those rules 

of S' and s' , respectively, which do not increment the counter 
Q C 

plus those introduced below: 



(i 

) lor each Z in p_ fz^ 

> 1. I’ 

in 

Q' , and a in 

“TI 

1 

'""tSp 

O . 


, such that 6. ( q, 

cl 

z) = {( 


a, l)j , intro- 

duce a 

new state 

q^ in Q" (not already in 

Q") 

and have: 


6 a 

(q,z) 

C •) 

= \ ( S , 0 ) (• 5 

L J> 






( q t’ z i> 

= ^ ( 1-^ P )0) | i 

for all 

z i 

in p-Jz ^ , and 


& a 

( 1-^Zr) 

= {(a',e,i)j . 





(ii) lor 

each 2 in f 7 - jz^ 

> 3 > 1 

’ P 

, q! in Q', a. in 

J J 


2 U fe^, such that 


6 (q.,a.,Z,j) = {(qPl)l , introduce a new state 

q., in Q" (not already in Q") and have: 

6 c (q, ,a.. ,Z,d) = 

8 c ( yt’ e ’ z i>n = 

for all in P 7 - | , and 

r' 

6 c^ q 3t ,£ ’ Z R^) = 

It is easy to see that T(M) = T(M'). We omit the proof 


for showing this. 
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(b) Now, we construct &n nGCA M = ( Q, 2 5 Q ,5 C ,C , q Q , Z Q , Zg^F) 
in normal form, as follows: 

5 a = ^a* Q = Q'U Q"* T be states in Q" will be 

introduced below. Q M = 0, to start with. 8 is formed from 

c 

by deleting certain rules in 5^ and introducing in their 
place some new rules, as follows: 


(i) If there is a rule: 

6^,3 ,Z,n) = f(q f , 0)j, in 6 ( 


where Z is in MM 


and q_£ is in F, then delete this rule, introduce a new state 
in Q" (not already in Q") , and define: 


^ q ( 5 ^ j , n) = ^ , 

for all in f 7 - Z R 1 , 


and 

^ c ^ 4-pt 5 5 ^0 


r, 


( q.p ? 0 ) 


? 

I 


( ii) If there is a rule: 

SqC a J ^ » Z R ,n-l) = <(q f ,l)j-, in 5^, where q f is in F , 

then delete this rule, introduce a new state q^ in Q" (not 
already in Q") , and define: 


& c ( q., 6 , 2-^ , n- 1 ) *1 ( , 1 ) , 

& c ( If-t 5 ^ ^ f 5 ^ — <■ ( Ip-t j ® i , 

L ■-* 
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for each in F 7 - < t 
and 

^ft ’ ^ ^ = *j (d-^jO) | . 

The proof for showing that T(M) = T(M') is easy, and ' 
is omitted. 

Q.E.D. 

An nGCA in which no adding move stores more than two 
stack symbols, is no less powerful than an nGCA in which we 
don't impose this restriction. This we shall prove in an 
indirect manner in section 3.2. 

Let us introduce the following concept: 

An nGCA is said to be of order k if there is atieast 
one adding move of the machine which stores k stack symbols 
in the stack and there is not any adding move of the machine 
which stores more than k stack symbols. 

3 . 2 n-GEIT BRALIZEL CHICKING A UTOMATA ARP n- SI MPLE COUPLED 
LAN GUAGES : 

We shall now prove the fundamental result tint the class 
of languages accepted by nGCA is precisely the class of nSCL’s. 
This we show r by first proving that every nSCL is accepted by 
some nGCA and then proving that the language accepted by any 
nGCA is an nSCL. 
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Theor em 3 .2.1 : 

Every (n,k)SCl is accepted by some nG-CA M of order 2, 
such that M is in normal form. 

P roof : 

let G = (Vjj, V^, P, ( S) n ) be an (n,2)SCG in simple 
normal form such that 1(G) is the given (n,k)SCl. (See Cor. 2. 2. 1-4) 

Eirstj, we construct an equivalent nSCG G’ (equivalent in 
terms of the languages generated) from G, which has got just 
one production having the start symbol as its left hand side. 

G' = (V-, Vrj,, p’, ( Sl ) n ), where is a symbol not in 
V N U V T , Vi = 0 {sA , and P’ = P U - (S) n j . Clearly , 

1(G) = l(G'). 

let the productions in P' be numbered 0,1,... ,m (0 corres- 
ponding to the production with as its left hand side). 

Now, the required n&CA is given by: 

,L ~ ( ^ 1q s i-p V i ~^rj\ , ^ Z jj i — 1 > * * • 3 s 5 

6 a’ 6 c 5 C ’ (1 0* Z 0’ 2 R s f c -f y 5 
where and are specified below. 

cl C 

The idea behind the construction of M is the following: 
let the stack symbols other than represent productions in 
0 ’ , Z n representing the production number 0. let the machine 
have the ability to no ndet erminist ica lly guess the sequence of 
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productions used in the leftmost derivation of a sentence 
in L(G'). let this information he stored in the stack by- 
storing the corresponding stack symbols, in order, on the 
stack, in the adding mode. When reading the stack symbol 
Zj_ in the checking mode with the counter reading j , let the 
machine recognize the same terminal symbol (on its input tape) 
which G* would generate in the j-th component 1 of the i-th 
production (which may possibly be 6). 

& a and 5 c are specified as follows: 

(a) For every pair (0, i) , 1 < i < m, of productions 

0: S - ( S) n ; and 

i* i ~*" ( u,j , • . . , cx^) 3 

we have, 

^a^O’ Z (P = ^ q o» Z i’ 

At the start when the stack head is reading the symbol 
Zq, M guesses the production used to expand S and prints the 
corresponding stack symbol on the stack. 

(b) For every triple (i, j , k) , 1 < i, k < m, ox produc- 
tions; 

i: A -*■ (A 1 A 2 ) n , 

D - A > (cx>j5 a n ) , and 

*■ ^2 • • • s P^) 3 

1. Notice that every production in an nGCA has got n components 
in its right hand side* Here we are referring to these 
components. 





145 


we have, 

^a^O’ Z ± ) = ^ q o» Z ;j Z k» 

With the stack head reading the symbol Z^, the machine 

guesses the productions used to expand the nonterminals A^ 

and A^ , say productions 3 and k, respectively, prints Z^ Z^ 

on the stack immediately to the right of Z^ alter shifting 

all nonblank symbols to the right of Z^ by two cells and lets 

the stack head scan Z . . 

J 

(c) For every nonterminating production i, 0 <. i < m, we 
have , 

5 C ( 1q ’ ^ 5 ^ ) = -^(Iq > 0) ^ •••> 

Since the grammar &' is in simple normal form, there is 
no terminal symbol on the right hand side of a nonterminating 
production. In the checking mode with the counter containing 
3, 1 < 3 _< n, the machine likewise does not move its input 
head when the stack head is reading a symbol corresponding to 
a nonterminating production. 

(d) For every terminating production i, 0 < i .< m, 

i; A - + (a ^ ’ 

we have: 

r 

6 a ( 1 q ’ = 4q 5 0) ^ , 

and 
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In the adding mode, when the stack head is reading a 
symbol Z^ which corresponds to the terminating production i, 
it simply moves right by one cell without storing anything 
on the stack, which is in keeping with the idea that in the 
adding mode M must store symbols on the stack which indicate 
the productions used in a leftmost derivation of a sentence 
in l(G'). Again, in the checking mode, while reading Z^, 
with the counter containing j , 1 _< 3 <_ n, the machine recognizes 
that symbol (possibly 6) on the input tape which comprises the ■ 
3-th component of the right hand side of the production i. 

( e ) 6 a ( Q-o ’ ~ ( Iq s ^ ^ 

6 c ( 1 q j ^ j i D ) ■ = 1q j 1 ) ^ » ^ = ^ » •••» ^5 

6 c ( Q.q ? 6 > » ^0 = i-£ ? 0 'ft . 

When the production sequence used for some leftmost 
derivation has been guessed by the machine and the corres- 
ponding stack symbols stored on the stack in correct order, 
in the adding mode, it must switch over to the checking mode. 
This it does by reading Z^. Similarly, in the checking mode 
with the counter containing 3 , 1 _< 3 < n-1 , after all the 
terminal symbols have been recognized in the correct order, 
which are generated 'in the 3-th component of the productions 
used in the leftmost derivation, the machine must increment 
its counter, which it does while reading Z R . Again after the 
stack head has checked terminal symbols against symbols in the 
stack in the n-th such scan, it must go into the final state. 
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Observe that M is of order 2 and is in normal form. 

Now, we proceed to prove that T(M) = L(G'). 

We will first make some statements, which follow 
from the above construction. 

(l) Using the production p, a. will be generated by 

<J 

O' in the j-th component 
iff 

using the rule. ^c^O 5 j) = -^(Iq, 0)\, 

M recognizes a,., when the state of the machine is 

J 

q . q, the stack head is reading Z , and the counter 
contains j, where 1 < j ( n, a. is in Y^ 
and 0 <, p < m. 

This follows from (d). 

let r i , i. is a terminating sequence of 

f ^ 

productions in G*’ , denote the fact that for some A in Y^, 
and x^, 1 ( i < n, in Yjjt, 

(A) n ===> ( Xl , . . . , x n ) , 

by a leftmost derivation, using the production sequence i,, i. 

1 <J 

Note that, (x^ , . x fl ) as well as the nonterminal expanded 
at each step of the leftmost derivation get uniquely defined once 
the terminating sequence of productions is specified. 
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"(2) i 1 , . .., i. is a terminating sequence of productions 
J 

in G’ 
iff 

(ql 0 » w, y'z^zy, 0) 

\w (v w > y’Zp • •• Zi. z ^y» o), 

ti 

( — r 

where j >_ 1 , and Z. , Z are in | . 

i 1 

The above statement may be elaborated as: let the 

stack head be reading the symbol Zj_^. let a stack symbol Z 

be immediately to the right of Zp_^ in the stack, let the 

machine be in state q Q and the counter contain zero. If 

i ... , i. is a terminating sequence of productions in &' 

» D 

then through a sequence of adding moves the string Zj_ ... Zj__ 

D 

gets printed between Z- and Z, and the stack head moves right 

■H 

by j cells and starts reading the symbol Z, the machine state 
as well as the content of the counter remaining the same, 
and vice versa. 

for a proof of the above statement, see Appendix f. 

The following two statements follow directly from the 
construction of M: 

(3) The counter is incremented in the adding as well 
as the checking moves when and only when the stack 
head is reading ^ and the machine is in state q^. 
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(4) -The machine enters the final state when and only 
when the stack head is reading, Z^, the counter 
is containing n and the machine is in 'state q^. 


Now, in order to prove that T(II) = l(G'), it suffices 
(in view of the manner Ik is constructed, particularly noting 
( 3 ) and ( 4 )) to prove that: 


x ) , where x. , 1 < i < n, is in V 


r o \ n / 

^ ^ 1 ’ * " 5 ? i: 

by a leftmost derivation using the production sequence 


0 , , 1 ^ 


iff 


* x n’ 

z o^ 

' Z R S 

0) 




i a » 

IT 


x 1 . 

* * x n ’ 

Z 0 Z i * * * Z i- Z R^' ? 

’ 0 

o) 

La. 

f¥ 

( q 0 5 

x r 

* * x n 5 

Z 0 t 

' ^ s 

1 3 

D 

LC* 

iM 

( q 0 5 

x 2* 

• ' x n’ 

Z 0 Z : 

7 7^ 

i *“ Z i, Z R 1 J 
1 J 

-1) 

if— 

• 

(o :Q , 

Xp. 

• - x n » 

z h 
z o 1 

h Z i ••• Z i. Z R: 
1 3 

r 

, c 

• 

! c * 
I'M’ 

(l 0 J 

x n s 

Z 0 Z i, 

• • * ■ 

2, Zr'K »-l) 





] 

"3 


hr 

( q o 5 

x n’ 

Z o t 

% 

* « • Z , n) 

3 


i c 
>M* 

( <1q ? 

r 

z r z, 

0 i„ 

r: 

• « • 

i.Z H f , B) 




1 


3 


US- 

11 

( 0.£ 5 

C 

^ 3 

z 0 z i. 

. . . 2 






1 


3 



* 6H 
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only i f 

It follows from (2) that (q Q , Zq^Z^, 0) 

It* <v x r-- x n> z o z ± •••BAI , 0) . The required result 
follows now in view of (3), Hi) and the ’only if' part of (l). 
if 

It follows from (2) that 0, i 1 i i is a terminating 

cj 

sequence of productions which means that (S^) => (z^, z n ) , 

where z ± , 1 < i < n, is in Y r J s by a leftmost derivation using 
the production sequence 0, i^ , . . hut in view of the 
’if’ part of ( 1) , z^ = x^, 1 < i < n, 

Q.E.D. 

Io illustrate the proof of the above theorem, let us 
consider an example: 

Exampl e 5.2.1 : 

G = (|s, S' , A, B, c| , | a s b s c^ , P 5 ( S) 2 ) , 

where P comprises of the productions: 

, 1 . 5 - (A3) 2 , 

2. S — (CB) 2 , 

3. S’- (AB) 2 , 
q. S’- (CB) 2 s 

5 . A - (CS’) 2 , 

6. C - (a ,c) , and 

7. B - (h,£) , 
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is a 2SCG in simple normal form generating the language 
|a 1 b 1 c 1 | i > 1 j . 

ffe shall use the construction given in the proof of 
Theorem 3.2.1 to construct a 2 GCA M such that T(r.i) = 1(G). 

(We shall be following the steps of the construction for 
constructing M) . 

G' = (fa, S, S’, A, B, c7, fa, b, c^ , P’, (S^ 2 ), 

where 

P 1 comprises of the following productions: 

0. s 1 - (S) 2 , 

1. S (AB) 2 , 

2. S - (GB) 2 , 

3. S' - (AB) 2 , 

4. S-' - (CB) 2 , 

5 . A -*• (C3 ! ) 2 , 

6 . C - (a ,c) , and 

7. B -* (b , 6). 

The required 2GCA is given by: 

1 = ^ q 0» <l f ^, |a,b,cj, fa, Z r Z 25 Z 3 , Z 4 , Z 5> % , Z ? » z r 

6 a’ 6 c’ G> q 0 ? Z 0’ Z B- S ’ 

where 6 and 6 are specified as follows: 

ctj O 
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(a) 

(i) 

Vv 

V “ 

< 

? 

’(q 0 . 

z v o) 

^ and 


(ii) 

8 a^ CJ 0’ 

V = 

; 

(v 

Z 2? o) 


(b) 

(i) 

8 a ( V 

V = 

r 

T 


Z 5 Z rj 5 

0)], 


(ii) 

8 a ( V 

z 2 ) = 

{( 1 -, , 

Z^Zr ? ? 
o ( y 

0)], 


(iii) 

8 a ( V 

Z 3 ) = 

{ 

'(q 0 , 

7 7 

^5"7 5 

°)j ’ 


(iv) 

8 a ( V 

z 7 = 



Z 6 Z 7„ 

0)} , 


(v) 

8 a ( V 

V - 

< 

1 

■(Zq; 

Z 6 Z 3’ 

0)j. , and 


(vi) 

8 a^ q 0’ 

V = 

( ( V 

Z 6 Z 4 ’ 

0)} 

(c) 

(i) 

8 c ( V 

e, z 0 , 

d) 

= 

|(o. 0 j 

o)|, 


( ii) 

8 c (q 0’ 

e, z r 

d) 

= 

{ ( V 

0)| , 


(iii) 

8 c ( V 

e, z 2 , 

d) 

= 

((q 0 , 

0)}, 


(iv) 

8 d 9 0’ 

e, z 3 , 

d) 

= 

{(q 0 . 

°)), 


(v) 

8 c ( V 

e > V 

d) 

= 

q o ’ 

0)^, 


( vi) 

8 <3 ^0 ’ 

5:8 > Z^ , 

d) 

= 

<(q. 0 ’ 






c. 

i = 

1 , 2 . 


(d) 

(i) 

8 a (q 0’ 

Z 6 ) : 

= 

{ (q o 

, e, o)j, 


(ii) 

8 a ( ' q 0’ 

Z 7 ) 

= 

( (q 0 

, e s o)}, 


(iii) 

8 e ( V 

a , Zg 5 

D = 

f ( V 

0)], 


(iv) 

8 c ( V 

b , Zy, 

1) = 

[ ( V 

0 ) j’ 





(v) 6 c (v C, Z 6 , 2) = [(q 0 , 0 )\ and 

( V 2) ^ S , 2) = |i <1 q , 0)^, 

(e) (i) 6 a (qQ, %) = f(q_ Q , 6, 1)^ 

( i i ) 6 c ( c}q , fc , Zp^ j 1j = ^~ ( Q.q 9 "1 ) 9 ^ 

(iii) 6 c ( q Q , t, Z R , 2) = j (q. f , 0)j. 

It is easy to see that I(M) = ^a i b i c i | i > 1^. 

Now, let us prove that the language accepted by any 
nGCA is an nSCl. 

Theor em 3 .2,2 : 

If M = (Q, 2, l 7 , 6 a , 6 C , C, q Q3 Z Q , Z R , 3?) is an nGCA, 
then there is an nSCG G such that T(M) = L(G). 


Proof : 

Let M be in normal form. We shall construct an nSCG 
G = ( V N , 2, P, (S) n ), such that T(M) = L(G), as follows: 


Vjj is the set of all objects of the form 

Cl, 1 , i n , z. <i\ WL where 1- 4'. li, ah 


1 < i < n, are in Q and Z is in 


plus a new 


symbol S. 

" r- 1 * ' *1 

The idea is to let [jq ? . • • > Q. n s Z 5 q. 9 * • • * ? ^nJ 

contain the information that for some w 1 , . . . , w n m 1 , 
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■ 2 ’ q » r? i ’ ***’ (d * d-j, <*•> %* w i » •••> w n )- 

bote that if 

V -Q J ‘ 1 q ’) P -j 3 * * • 1 Pjrj) ^ P * P r *..9 P-q 9 •^•-J » ... 9 X.^) ’ 

for soffit; p ^ , ... 9 fy, j p j , ... , in Q, x 1 , ... ; x^, in £*, 
then x^.,.x n is in T(3Vi) only if there are proper end rules i.e. if 

$a, ( P ' > Z R ) = |(p 1 , £, 1 )^ , 

^ c ( p i> %> i) = ^(p i+1 , 1)^5 1 < i < n- 1 , and 

6 e ( P i’i ? G > Zr> n ) = |(lf> 0 )~^, where q f is in F. 

ibis aspect is taken care of by providing the nonter- 
minal 3. 

The idea behind the construction of all the productions 
except those which take care of the ’end 1 rules is to view the 
acceptance of a certain string as partly comprising of steps 
in which for some q, , ..., q. n , q. ’ , q^ , — , ^ in Q 

( 2q > qQ 9 l-j f l n ) “M> (d 5 1-| S •••> W -J 9 •••> W X\) 

such that w = w 1 . . .w^. 

Formally, P is constructed as follows: 

1 . S ■*' ( Qlq i ) • • • f l n > 9 q s q^ > • • • j ij ) is in P 

if 

6 a (q’, = f (q 1 ’ e ’ 1}< P 

6 c (q’, e, z^ 3) = f(a 3+1 , 0^ » 1 < 3 < and 

6 c (q^, e, Z^, n) = ^(q f 9 0 )$ , where q f is in F. 






2 . 

for every q' , 

f 

q^ 5 . . . 

, q;, 

2 2 

q» i-j » — 

2 a 

j a n 3 • * 

nr 

* 3 Is 

m 

*1 

m 

s • • • 3 l n 

in Q, m 

> 1 , 






Qi> i 1 

9 • • • 9 C 

l n > 2 , q 

' , <i\ 

3 , q n 1 





- ( &1 | 

[N, \ 

9 • • • 

1 2 

, q n , Z 1? q 

2 q 

s a-] 3 • • 

■ 3 qj 




L 2 4 , 

2 q 1 , 

* * ‘ 5 2 °n’ Z 2 ’ 

3 3 

q 5 q 1 3 

... s q J 



• • ■ | 

\ 

CF 1 

a 

•N 

CT* 

J • • • 

in „ 1 

q n j q » 

1 

i-i j « « • 3 

q J ’ *•* 



• • • ? 

a n f *> 

1 q 
hi 3 

. . . J q n , Z 1 

2 2 

, q, q 1 

s ... 3 q n 1 




[N, 

2 q r 

2q 7 

• • • 3 ^2’ 

3 3 

q> q -,3 

... 3 



• • • | 

L m i> “‘i-i 

j • • • 

3 q n 3 Zjjj* q 

! 

3 1 -j 3 • • * 

3 q^l ) 3 

is 

in P 








if 








6 a ( 1 * 

Z) = - 

< 

S(V z 1 

. . . 

m 

, 0 )^, and 




6 c ( V 

a . , Z , 

J 

3) = < 

b\ 

3 0 )^ , 1 < 3 

< n. 


3 . 

&» ii 

3 • • • 3 1 -jq 3 2 , q 

1 1 

3 i-j 

’ • • • > Ini 

( a ^ , . . . f 

a n) ’ 

is 

in P 








if 








S a ( 4 , 

« - \ 

' (q* , t, 

o) i 

, and 




6 c (q . 

V z ’ 

d) = 

f ( V 

0 ) ^ , 1 < 3 

< n. 



Now, in order to prove that T(M) 
first prove that for any q_, q q n , 


A <7 i n 



W. 


w n in 2 


* 


= L(G-), we shall 

q ' , q 1 , • ♦ • ? ' l n i:n 


J 


• • 9 


* 
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A- ( Bl> 3 •••j Q. n > Z 5 q , <1^5 Q.J ) " 

=> (w. , . . . , vO 

G 1 

iff 

( ^ * 1 j G-| 5 • * * s 1^) ""Tyf^" ( 1 ? 1-| j ... s q^ j w 1 , ... jW.^) • 


if 


Suppose that (Z, q, q 1 , . .., q R ) --|> (q', q’ s ..., q^ s 
w 1 , — , w n ) in ^ steps. We shall prove that 

(&’ q l ? *** ? ^n’ Z , q ***’ ^-nl 

==^ (w i , . . . 9 W ) 9 
G 1 11 

by induction on j. 

Suppose that 3=1. This implies that, 

6 a (q, Z) = j^( q ' , 6, 0)]- , and 

6q(g^9 wu , Z, j) = 0)^ , ^ — 3 -V. 

From the construction of G, it then follows that 
Qq, > Q. -j > ..., q n j r, q , q ^ 9 • • • ? 1 J 

- (w. , ..., w n ) 9 is in P, so that 

( Qlj l-j > • • • ? OL^s Z ’ ^ ? 1-j ? ... 3 ij ) 

==> (w 1 , ... , w ) . 

G 1 11 
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Suppose as an induction hypothesis that the ’if part 
of A is true if 3 < k -1 for some k > 2 . 

Now, assume that 3 = k. Let in the first step, the 
rules used he: 

/• 


6 fq, Z) = U 1 ! 


'a" 1 ’ v ^ " 1 m 


Z_., 0)^ and 


(I) 


S c (q-j» Z, 3) 0)}, 1 < 3 < n, for 

some V, 1 < 3 < n, in Q, Zy Z m in 

l 7 - Z Q , Z^ , m > 1 and a . in Z U-^ £ 3 
Now, it must he that w^, 1 <_ i<n, can he written as 
a i x i1 * * * x im’ such that 

(z 1t q> q^ » • • • 5 q n ) ~ ( q» q-j » » • • » q nS Xi ^ , . . . ) 

(Z 2 , 2 q, 2 q v ..., 2 q n ) ( 5 q, 3 q 1 ,..., 3 q n , x 12 ,...,x n2 ) 


(V ... ? m q n ) (q\ q^» ...» q^ x 


1 m 


, > * • 9 


nm 


each in fewer than k steps, for some q, q. , . . . , 


■q^, ...» 


m 


q , “q n , in Q (see how the relation is defined 

between A-vectors and B-vectors in M) . 

Using the induction hypothesis, we have each of the 
following: 

( Q 1 !, 1 q 1 » ... s ^q n » q> v *** ? qj) 


-^->(Xi 1 , . . • 9 X n1 ) 
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••• 9 







• • • j 


V ^ 

■"n 2 ; ’ 



n 


in m „ i < !-r N n 

*1 » 1 -| ? ... 5 q. n ? ? QL ? Q--] ? ... s q J. ) 

* 

=^=> ( x 1m ? • • • > X M ' * 

Also, from (I) and the construction of G, it follows that 



&» ^ 1 ’ * •’ ( ln» Z ’ q ’ q 1 » 

(a^q, ^3 ^ Z r 2 q, ..., 2 qJ 

[ i-jj ••♦5 2 i n> Z 2 , 5 q, 3 a x1 , ..., 3 qJ 

pm m m _ ! ! 

• • • L ^ > ^.-J 9 •••? 4,-jq j ^ ? Q. 9 Q. ^ 9 ♦ * • 3 ? 

o Mn ^ 1 n 7 2 2 2 

• 4. 9 y.-j 5 • • • 9 y.^ ? ^ -j > o. $ o. a 9 ••*? 

C 1 5 1-^3 • • » 3 Ip-J 7 Z 2 j I, q 1 , ..., 0.-J 

rffi m m „ t 1 '-in 

• * ’ L G, 1^3 ... 3 l n 3 Z, n S q , 1 -j 3 ... 3 qj.) 3 

is in P. 


Thus, it follows from above that 

( [""l? q 1 » ... , l]^3 Z, q , q 1 , • • • j q J. ) 


n 


* 


G 


(W 1 , ... , W n ) 
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( &-» » ' * * » ^n s Z ’ a 

by a 3 -step leftmost derivation. 
( Z , q , • « * s q^) ^ 9 » 1 -j ? 



9r 

— > (w. , . . . , 

G 1 


We shall prove that 

* * j q ^ ? w -j ? • • • j ) > 'h y 


induction on 3. 


V 


Suppose that 3=1. This implies tha.t the production 

jjl » 1-| j * • * s Q.JJ j Z , 1 ; •••> 0.-Q !_ ^ » • • * > ,l, rp s * 

This in turn implies (in view of the way G is constructed), the 
existence of the rules: 

6 a (q, Z) = {(q\ e, 0 )J , and 

6 c (q^, , Z, 3) = 0 )} , 1 1 D < n > 

so that ( Z , q , q^ , . . . , q n ) jf* ( 1 > 1-j > • * • » > • • • > w n^ * 

As an induction hypothesis, suppose that the 'only if 
part of A is true for 3 (the number of steps in which 

([q, q^ . q n , z, q', ail' 11 ^ w f •••» w n ) 

by a leftmost derivation) less than or equal to k-1 , k _> 2 . 

Now, assume that 3 = k. Let the first step of the 
leftmost derivation by which 

(&» <1 1 » •••» Q. n » z s 9 » l-j 5 •••> =r^ w i» *•*’ w n^ ’ 

be: 

( [q? q 1 > • • • 5 q n > z, q , i 1 , . . . , q n 3 ) 

(a^q, ^q^j •••5 ^ 9 ^} Z v q, d-j » •••s G^H 
G 

L 2 q s 2 g 1> • 2 q n ? z 2 , 3 q, 5 q 1? ...» 3 q n l*** 
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rio in m _ t i t _* 

***L q ’ q 1 ’ q n’ q 5 q i J **•» 1 > *•* 

* " • » a n L <1> G-| > • • • 5 > Z-j, q_, Q ^ , . . . , Q. n 3 

^ q ’ q 1’ *“ 5 2q n’ Z 2’ 3q ’ 3q -1 J 5q nn'*- 

• • * L q > q i 5 ^n 5 Z m’ q 5 q i 5 * * • s 0 .-Q "2 ) ’ 

for some a., 1 < i < n, iUU{e|,m>l, V, \ v ..., 1 q n ,... 
**•> m<q i ’ •••> in wh ich obviously uses the production: 

&’ d 1 5 • ••» <l n > Z, q , q . 1 , Q. n ~J 

-| E d) 1 -] 5 • • • j Z v q, , ^q^ 

L q v •••» 2q n > Z 2 ’ 5q - J 5q -i » •••» 5 q nl** 

r m n m n n ' ' ’ -4 

I — ^9 4.-1 9 • • • 5 4 ^ 9 111 ^ 4 9 4 -J 9 • * • 9 4 -Q _[ 9 • • • 

— » a n C 1 ( i 1s . .., 4 n , 2 g, 2 i 1? • ••> 2 q n Il 

C q -l ’ *..» 2 q n’ Z 2 ’ 5q ’ 5q i > •••» 5 d n l.. 

nn m m i i t ’ 

••• Lds q ^ » ..., q^ s Z^j j q , q -| j • - . 5 q n J ) . 

(Note from the construction of G that there is no other type 
of a nonterrninating production which could be used). 


It then follows from the construction of G that: 
& a (<l, Z ) = {( 4., Z 1 , . . . , 2^, 0)}, and 


& 0 ( <1 y a j> z > 3) = , 0)j , 1 < j < n 

Now, it must be that w- can be written as aj_x. . . 


2 


ii 


"ii 


x im’ 1 q ^ n » such that, 
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" Q.-| » • * 

=> ( x 1i} • , x ni ) , 1 < i < m, by a leftmost 
derivation of fewer than k steps, where m+ ^q = q 1 5 m+ ^q^ = q^, 

1 < 1 < n. 

Using the induction hypothesis, we have: 

(z i’ q ’ q 1 , . . . , 1 q n ) 

v fi+ln i+1 „ i+1 - x 

Ml ' ^ -I * * • • * Qq * x ^ j_ > • * • ? ' 5 

1 < i < m-1 , and 

( „ in in m„ \ x. /• » • » 

^ > ^* -| > * • • 9 ^ 9 Q'] 9 • • • > ^ 1m 5 • * • 

* * • » x nm^ * 

Combining this with (II), we have; 

(z, q, 1-jj q n ) ( q » 1-| , . . . , q^ , , . • • , w^) * 

This completes the proof of A. 

Now, let us come to the actual problem of proving 
that I (1/1) = 1(G). 

Suppose that 

( s) ^ ( Ciq > q-i » • • • ) q^j Zq $ q q^ , . • • , q^ 3 ) 

=^(w r w n ), for some q 1 , ..., q^, q', q _\ , ... 

..., q^ in Q, by a leftmost derivation, where w^, 1 < i „< a, 
is in £*. This implies that the production used in the first 
step of the derivation is: 


ha 5 


Z t 


i+1 i+1 


q. 


i+1 


i n D 


n 
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6 ( Q1q , 0,-j. » , q . n , Zq , q , q^ , . . . , q^ ) n 

(Observe from the construction of G that only this type of 
production can be used in the first step of the derivation). 
From the construction of G, it follows then that 


6 c (i-|, t, Z^, j) = 1)> 5 1 <j < n_i, and 

6 c (cL n’ 6, Z- R , n) = £(q f , 0)^ , 
where is in F. 

Again, it follows from above that 


III 


( & 0 ’ ^1 5 * * • » ^-n 5 z o ’ ^ 5 ’ • • • > 1 ) n 

T> (w i w l- 


Using A, this implies that 


( Z 0> ’ '*•’ -n^ ~W^ r ^ w 1 w n ) . 

Ihis along with (III), leads to the conclusion that w.. , w 

9 * T1 

is in I(M) . 

Again, let w be in 1(M). This (noting that M i s 
in normal form) Implies that for some q 1 , ..., q n , q', q ' , ... 

. • • , q^ in Q, q f in F , m > 0 , 





, . . . „ w 

a’ 2 

o'K 

. o) 



Hr (h » 

w 1 . 

• • « o 

w n , Z Q Z r . 

• • <5 

Vfct- °) 

Im ^ q l 5 

w 1 , 

• * • 0 

w n’ Z o^ Z r 

• • 1 

.. V 1) 

hr ( v 

W 2 , 

• * • c 

w n , Z 0 Z r . 

• • <5 

VrI’ D 

hr (q 2 , 

• 

• 

w 2 . 

• • • e 

w n s Z 0^ Z 1" 

. . . 

• * Z m’ 

• 

hr (( i n ’ 

w n , 

z oi 

z r • • • ■ ^n’ 

n) 


l&L ( q 1 

1 M Vq ’ 

e, 

Vr 




hr ? 

e, 

z o z r 

. . y 

n) , 



/here w = , . . . . w^. 

This implies that 

£> a ( 1 ’ ~ 

S c (4-, t, Zr, 5) = 1)^. 1 < 3 < “-1. and 

& c ^n 5 %l’ = 0) 

ind that 


(z 0 , q. 0 , i r • • • 3 


l n ) 


U', v 


w 


w ) 
n' 



■\> ♦ • • ? 
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Prom the construction of G, (IT) implies that 
' ( DIq > G-j > ♦ * * » G n > Zq , q , , • • • > q^ ) > is in P . 

Again, in view of A, (V) implies that 

( Dio » G-j j G n s Zq , q , q^ , ..., q^^) 

* 

==> (w 1 , . . . s w n ) . 

Ihus, (S) n => (w 1 , . .., w ). 

G 

Hence the result. 

Q.E.D. 

It follows from Theorems 3.2.2 and. 3.2.1 that 
■heorem 3.2.3 : 

If M is an nGCA of order k, then we can construct an 
iGCA M' of order 2 such that M 1 is in normal form and 
2(M) = T(M’). 

5.3 n-PUSHDOWN ASSEMBLERS : 

The definition of n-pushdown assemblers, n > 1, is a 
Generalization of the definition of pushdown assemblers ( 3 ) 
vhich are pushdown automata with some additional features. We 
propose these machines as machine models of (l, n)-coupled 
translations. 

Basic Definitions : 

Before giving the formal definitions, we shall discuss 
informally the features and the working of these machines. 
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L e t n > i, k ) 1, A k-register, n_pushdown assembler 
is a nondetermini stie machine which consists of: 

a finite control; 

an input tape which is read-only, and a 1-way input head; 

a pushdown store which is infinite in one direction only, 
say upwards; 

n ’waiting' registers which are ordered from left to 
right and are empty, to start with; and 

n sets of k passive registers each, associated with 
each symbol of the pushdown store: All the sets of registers 
and all registers within a set are ordered from loft to right. 
Each register can be empty or hold a string of output symbols 
(possibly 6) . 

The finite control can read the top symbol of the push- 
down store, and in any move can replace the top symbol by a 
finite length string of symbols (possibly £, in which case the 
top symbol is said to be 'erased'), let us have the conven- 
tion that the right-most symbol of the string replaces the top 
symbol of the pushdown store and the other symbols of the 
string are stored in order in the upward direction (i.e. the 
leftmost symbol of the string will become the new top symbol 
of the pushdown store). 

1. A symbol of the pushdown store together with its registers 
will be called a 'level'. 
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Whenever a (finite) string of length greater than or 
equal to one replaces the top symbol of the pushdown store, 
the registers which are associated with the top symbol (which 
is replaced) get associated with the rightmost symbol of the 
string, without any change in the ordering of the registers 
or the contents of the registers. 

Again, whenever the top symbol of the pushdown store is 
erased, the contents of all the k registers in each set of 
registers, associated with the symbol erased, are concatenated 
in order from left to right (if a register is empty, it is 
treated as though it contained 6). The string got by concate- 
nating the contents of the registers in the i-th set of registers 
is placed in the i-th waiting register. 

Each move of the machine which erases the top symbol 
in the pushdown store and is not the last move of tie machine 
is immediately followed by a move which transfers the content 
of the i-th waiting register to some (specified) empty register 
in the i-th set of registers and then 'empties' all the waiting 
registers. If the move makes the machine transfer the content 
of some va.it ing register to some register which is not empty, 
the machine gets 'stuck' and cannot make any further move. 

The machine can make three types of moves: 

One type of move makes the machine replace the top 
symbol of the pushdown store by a finite string of symbols 
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(possibly 6) with the corresponding creation of additional 
n sots of k registers each, if the replacing string is of 
length greater than one, as discussed earlier, with a possible 
change of state. 

Another type of move can store n finite output strings 
(any of which may possibly be 6) - one string in one of the 
empty registers in each of the n sets of registers in the top 
level, in a specified manner. 

Yet another type of move transfers the contents of the 
i-th waiting register, 1 < i < n, to some empty register in 
the i-th set of registers in the top level, in a specified 
manner, with a possible change in the state of the machine. 

This type of move immediately follows a move which erases the 
top symbol of the pushdown store, and cannot take place otherwise. 

formally, a k-reeister n-pushdown assemble r (n(k)PA) 
is a 9-tuple: 

M = ( Q> 2 , ["7, /\ , , l ) , 1q j Zq) , 

where 

(1) Q is a finite set of stat es with q. as the start 

stat 6 , 

(2) 2 is a finite set of input s y mbols . 

(3) .A is a finite set of output s ymbols , 

(4) P is a finite set of pushdown store ,._gdnb_ols , 
which includes the start symbol Z Q3 
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(5) /\ is a mapping from Q X( 2 U| e ])XP "to finite 

subsets of Q X f 7 *. 


(6) XL. is a mapping from Q X (2 U V to 

subsets of Q X (A^ X ^ » • • • » k j) X * • • X » • • * 

where A i , 1 < i < »; = A.. 


finite 

k } )! 


(7) ^ is a mapping from Q X (i U )X^to finite 
subsets of Q , . . . , k^ X ♦ • • K^ 1 ’ * * * 5 n * 

X is the 'next move mapping' which controls changes 
of pushdown symbols without any change in the register contents, 


^ ;\u, a, Z) contains (q' , £) , then if the top symbol 
of the pushdown store is Z, M may erase the top level, change 
its state from q to q f , and use input a (a may possibly be 6). 
Also, in this case the contents of the registers in the i-th set 
at the top level, 1 < i < n, will be concatenated, in order, 
from loft to right (with an empty register treated as though it 
contained 6) and the resulting string stored in the i-th waiting 
register, provided it is empty. If this move is not the last 
move of the machine then it must be immediately followed by a , 
move of the machine which transfers the contents of the 
various waiting registers into various other registers. 


If /\( q, a, Z) contains (q' , X. ] , .... Xj , m > 1 , M may 

replace Z by at the top level with everything else remaining 

the game at this level (i.e. the n sets of registers with k 

, • • • , k e > 1 t 1 


1 . Here , o 1 


I 1 


indicates the 3-th set pi 


C 1 
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registers in each set which were associated with the previous 
pushdown top symbol Z get now associated with without any 
change in the register contents), then grow new levels on the 
top of the pushdown store with empty registers and pushdown 
symbols X m _ 1 , . . . , X 1 , in order from below. 

JJL is the 'next move mapping' which controls the storing 
of finite length strings of output symbols in registers. 

If ( q_ , a , Z) conta ins ( q , (x^, i^), . . • , (x^ , i^) ) , 
then when Z is the top pushdown symbol, M may use input a, 
change its state from q to q' , and store output string x^ , 

1 <j < n, in the i.-th register (in order from the left) of the 
3 -th set of registers of the top level, provided that register 
is empty. 

is the 'next move mapping' ■which controls the trans- 
ferring of the contents of waiting registers into various 
registers. 

if £)(q, a, Z) contains (q* , i 1 , i n ) > an i Z is 

the top pushdown symbol and the' level above has 3 u -st been erased, 

M may use input a, change the machine from state q to q’ and 

transfer the contents ofthe ;j-th waiting register, 1 < 3 < 

to the i.— th register of the j-th set of registers of the current 
0 

top level provided that register is empty and make empty all the 


waiting registers. 
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M is an n-pushdown as semis ler (nPA) iff it is an n(k)PA 
for some k > 1 . 

We define a 'configuration' of an n(k)PA M = (Q, E , A,r, 
A q_Q f Zq) , to be a combination of the state of finite 
control, the nonblank portion of the input tape including and 
to the right of the cell currently being scanned by the input 
head, the contents °f the pushdown store along with the contents 
of all the registers associated with each symbol of the pushdown 
store, and the content of the waiting registers. 

formally, a configuration of JVi is a 4-tuple: (q.,w,a,p), 
where q. is in Q, w is in Z*, a is a string of the type: Z^t^... - 
* * * m - 1 ’ where , . . . , Z m are in V ( Z^ is the top push- 

down symbol) , t, = (t. , . . . , t . ) , 1 < i < m, t . , . . . , t . 

1 n " * r ^ 1 n 

being ordered k-tuples of elements in P is either 

(0) n oran n-tuple^ , w n ) , where wu, 1 < i _< n, is in 

/v. t. i <_ i < m, 1 < j <. n, represents the contents- of the k 

j 

registers in the j-th set of registers, all In order from the 
left, associated with Z . . w • , 1 jC j <. n, represents the con- 
tents of the j-th. waiting register. 0 denotes an. empty register, 
a = 0, denotes that the pushdown store is empty. 

We sa y t hat 

( Q.-| ) w 1 , , p-j ) j'jyj ( ig » ^ 2 5 *^2 ’ ^2^ ’ 

if configuration (q^, w 1 , can become (q. 2 > w 2’ a 2’ $2^ 

by a single move. 
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If ( q. 1 * w 1? a 1 , can become (q_ 2 , w g , a 2 , p 2 ) by 

some number of moves (including zero moves), we write: 

' 

( Q.-| > w -j 5 &-| 9 P 'j ) [jj ' ( 0-2 > W 2 5 ^2 5 ^2^* 

M accepts an input-output ordered pair (w, x) if x can 

be written as x^ x n and the initial configuration 

'(q. 0 , w, Zq , (t 0 ) n , T ), where t is the k-tuple ( 0 , 0 ) 

and T is the n-tuple ( 0 , 0 ), is such that 

(l 0 , w, ZoC^q) 11 , T q ) f-|- (q, e, 0 , (x 1 , . . . , x n )) , 

for any q_ in Q. 

We denote by T(M) , the set of input-output ordered 
pairs accepted by M. T(M) is also called the tran slation 
defined by M. 

s> 

( 1 . n.k )- couuled translations and k-register p-nushdown assemblers : 

We shall now state two theorems which essentially estab- 
lish that ( 1 ,n,k) -coupled translations, k > 2 , are characterized 
by the translations defined by k-register n-pushdown assemblers. 
The proofs of these theorems are generalizations of the proofs 
of corresponding theorems which establish that syntax directed 
translations of order k are characterized by the translations 
defined by k-register pushdown assemblers ( 3 ) , and are given 
in Appendix 1. 
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Theorem 5.3.1 : 

If a translation T is a ( 1 ,n,k) -coupled translation 
then T = T(M) for some k'-register n-pushdown assembler M, 
where k' = k if k > 2 and k' <, 2, otherwise. 

Theorem 3.5.2 : 

If f = T(M) for a k-register n_pushdown assembler M, 
then T is a ( 1 ,n,k) -coupled translation. 

3.4 CONCLUSIONS; 

In this chapter, we have defined two classes of 
machines: n-turn generalized checking automata and n-pushdown 
assemblers. The definition of n_turn generalized checking auto- 
mata is a generalization of the definition of n-turn checking 
automata (35) while the definition of n_pushdown assemblers 
is a generalization of pushdown assemblers ( 3 ). We have 
shown that n-turn generalized’ checking automata provide a machine 
characterization of n-simple coupled languages and n-pushdown 
assemblers provide a machine characterization of (l,n)_ 
coupled translations. 

Because the class of simple matrix languages of degree 
n is the same as the class of n-simple coupled languages 
(see Chapter 5), it follows that we have provided the machine 
characterization of simple matrix languages of degree n, as ■ 
well. Similarly, since the class of 1-simple coupled languages 
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is the same as the class of context-free languages, it 
follows that we have provided a new machine characteriza- 
tion of context-free languages. 

In view of Theorem 2. 2. 3(1), it follows that the class 
of n'-turn generalized checking automata is a strictly more 
powerful class of machines than the class of n-turn checking 
automata, n' > n. Again, in view of Theorem 3.3.1 and 
Theorem 3.3.2, the results of the last chapter (Chapter 2) 
give the corresponding results for the structures induced 
on the translations defined hy k-register n_pushdown assemb- 
lers, by the values of k and n, and the interrelationships 
of these structures. 

We believe that a minor extension of the features of 
n-turn generalized checking automata will result in a class 
of machines which will characterize the class of n-coupled 
languages. Also, it seems that almost all the work concern- 
ing pushdown assemblers reported in (3, 6 ) can be easily 
generalized to n-pushdown assemblers. 

Nondeterminism is something inherent to the power of n-turn 
generalized checking automata. It seems to us, therefore, 
that deterministic n-turn generalized checking automata do 
not comprise an interesting class of machines. 

We have not investigated the relationship between the 
class of n-turn generalized checking automata and the class 
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of checking automata ( 1 6) i.e. the relationship between the 
class of n-simple coupled languages and the class of checking 
automaton languages. This issue is worth looking into. 

Machine characterizations of languages and transla- 
tions have been very useful for developing the theory of 
languages and translations. We thus believe that the machine 
models that we have proposed in this chapter will be useful 
for developing the theory of coupled languages and translations 
(this fact is supported in Chapter 4 where we use the machine 
characterization of n-simple coupled languages in order to 
prove that the class of n-simple coupled languages is closed 
under intersection with regular sets). 

The machine models that we have proposed in this 
chapter will also be useful for developing systems which are 
based on n-simple coupled languages or ( 1 ,n)_coupled trans- 
lat ions. 





CHAPTER 4 


CLOSURE PROPERTIES A HD DECISION PRO ELMS 

In this chapter, we investigate some of the closure 
properties and decision problems of coupled languages. The 
class of n-simple coupled languages is the same as the 
class of simple matrix languages of degree n (see Chapter 5-) 
whose closure properties' and decision problems have been 
studied in ( 19 ), Again, as we show in Chapter 5, the class 
of ruright linear coupled languages is the same as the 
class of equal matrix languages of order n or the class of 
right linear simple matrix languages of degree n whose, 
closure properties and decision problems have been studied in 
( 19 >34,35 ,36) . We shall essentially limit our attention 
to n-coupled languages and coupled languages. 

In section 4.1, we discuss some closure properties. 

In section 4.2, we discuss some of the decision problems, 
finally, we give our conclusions in section 4.3. 

4.1 CLOSURE PROPERTIES : 

We shall first prove that (2^, / 8 ^ as well as are 

closed over union, and are closed under substitu- 

tion by context-free languages, J?* is closed under inter- 
section with regular sets and under sequential transducer 
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mappings. 

Theorem 4.1.1 : . 

(or or ) is closed over union. 


Proof : 

let G 1 = (V N , V T , P r (S^ 11 ) and & 2 = (V N , Y T , 

P 2 , (S 2 ) n ) he two nCG’s (respectively, nSCG-'s) [respectively, 
hRlCG’s[[. Without loss of generality, let Y^ f'j Y^ = 0. 

Construct a new grammar = (Y^ \J Y-^ (J ^ , 

Y t (J Y t , P 3 , (S 3 ) n ), where S 3 f] (% U% ) =0 and 

1 r' 2 *1 2 


{s 3 - ( s i) n jU{s 3 - (s 2 ) n |UP 1 Up 2 . 

Clearly, G 3 is an nCG- (respectively, nSCG), [respectively, 


nRIC&l and 1(G) = L(G 1 ) UK& 2 ). 


O.E.D. 


Theorem 4. 1 . 2 : 

(2^ (or is closed under substitution by context- 

free languages. 


Proof: 

Consider an nCG- (respectively, nSCG) G = (Vjj, 

..., a k ^ , P, (S) n ) in normal form, lot G^ = (V N . , Y^^, P i , S j _) 
be a context-free grammar in Chomsky Normal Porm ( 8) generat- 
ing the set f(a P) , for each i, 1 < i < k. 
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Let r S. = (%■_, T T , r P., ( r S f ) D ), 1 < r < n, be 


i ' a . 7 ‘ x . ’ " i 7 ' ~i 

1 1 

an nSCG constructed from &. as follows: 


•v 


N. 


r 

= \ r A I A Is in 7 


c 




ana 


r P i = | r A - ( r B 1 :r Q 2 ) n 1 A -> 2^2 Is in P ± and B 1 , B 2 are 
in ? (J j^A -*(£,..., a, . . , h) 4 where the right hand 
side of the production is an n_tuple with the r-th element 
as a and all other elements as £ 1 A - a is in P., a is in Vm 1 

i) 

We assume without loss of generality that all nonter- 
minal vocabularies are pairwise disjoint. 

Construct a new nCG- (respectively, nSCG) 


= (7-JL V* p\ (S) n ), where 


'N 


U 


1 < i < k i 
1 < r <. n 

P ! = L) r P. U |a - a|A - a is a nonter- 

1 < i < k 1 t 

1 <. r < n 

minating production in A - ( 1 S i ... n S i ) n | A - (a. 


I - n --j 

. a. ) is a terminating production in P and J s. =6 iff 

1 j 

a i. = 6 ' 

D 


}* 


It is easily seen that f(L(G-)>) = L(G’). 


Q.B.D. 


Cor. 4. 1 .2. 1 : 


T T 

Cn (or is closed under substitution hy regular 


sets. 
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Cor. 4. 1.2.2: 


e n (or /$ ) is closed under homomorphi; 


Theorem 4.1.5 : 


If L is in and R is a regular set, then 1 (1 r 


Proof: 


let M - (q yi , Z, p 7 j & a , S c , C, q_Q, Zq, Z^, P^) , 
he an n&CA accepting 1 and A = (Q a , <8? p Q , P^) > a deter- 
ministic finite automaton accepting R. The n&CA 

X ^a’ 6 c> C ’ &Q> P 0 I ’ Z 0 J % XP A } ’ 

where s' and 8* are defined below, accepts 1 0 R. 

cX L- , 

Por all q in Q^, p in Q A , a in S 0 ^6^ , Z in f 7 , 
and o, 1 < j < n, 5jp|~q, p] > Z) contains ( [q ' , p] > a, b) 
whenever 6 a (q, Z) contains (q' , a, b) , and 8^([j_, p][> a, Z, j) 
contains (j_q', 5(p, a)"J, b) whenever 6 c ( q. , a, Z, j) contains 
(q',b). (5(p, 6) is p for all p in Q A ) . 

Informally, M' keeps track of the states of M and A 
in its finite control. 

It is easy to show that T(M) = I f|R; the proof is 
on the same lines as tint of the corresponding result for 
context-free languages ( 1 s) 3 and is omitted. 


Q.E.D. 
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Cor. 4. 1.5.1 : 

If L is in and R is a regular set, then 1 - R 

• - <jL 

is in 

*** 

Not e that if R is over thi alphabet Z, then 
L - R = 1 (\ (Z* - R) and the class of regular sets is 

closed under complementation. 

***- 

G-insburg(l4) proves that an arbitrary class of languages 
which contains all regular sets and which is closed under 
the operations of union, substitution by regular sets, and 
intersection with regular sets, is closed under .sequential 
transducer mappings. 

Thus, we have: 

Theorem 4.1.4 : 

& is closed under sequential transducer mappings. 

*** 

Nov/ we prove that (2^ as well as are not closed 
under intersection or complementation. 

Theor e m 4.1.5 * 

^n (or is not closed under intersection or com- 

plementation. 
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Proof : 

(a) Inte r section: 

The languages: 

L 1 = f a i a 2 ** * a 2n a 2n+ll 1 - 1y p - 1 and 

1^2 = T a 'i”a 2 a 3* * • a 2n+1 ‘ 1 — ^ 5 c - —• ^ \ ’ 

are nSCl’s since they are generated "by the nSOG-’s G^ and. 
& 2 > respectively: 

G^ = ( £s, a"*j, . , a 2n+1 J } ^ ’ ( S) '*) > 

where P comprises of the productions: 

S ( S, • • « , S, Sa 2n+'|^ ’ 

S (a ^Aag ,a^iia^ , . . . , a 2n— 1"^ 2n^ ’ 

S "* (&^ a 2 » a ^ a 4 > • • • j a 2n-1 a 2n^ ’ and 

A - (a .jag, a 5 a ^, •••» a 2n-i a 2n^ * 

Aga in , 

Gg — ( "| S , A *jr, s a ^ , ... 5 a "V » ) » 

C O **■" o 

where P comprise of the productions: 

S "* ( CO./^y Sy * • • y Sy y 

•S' (a 2 Aa^ , a^Aa^ , • . • y a 2U da 2n+1^ ’ 

S — (a^a^, a^a^y ... s a 2n a 2n+1^ ’ and 

A -*■ (&2 a 3 ? a 4 a 5 5 • * • > a 2n a 2n+1 ^ * 

How, L 1 0 1 2 = | a ^ a 2 --- a 2n+ll i ^ 1 ’ whicb is 

not an nGL (see the proof of lemma 2,2.1) and hence is not 


an nSCl. 
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(b) Complementation : 


Since 




is closed 


over union but not 


under intersection, it cannot be closed under complementa- 


tion since 


n I 


2 


Xj ^ h) 1 ^ ■ 


Q.E.D. 

Before we proceed further, wo will prove tho follow- 
ing lemmas which will be' useful later. 

Lemma jkJLLT* 


The language: 
L = 


" m m. m m m m m m m 
a 1 1 b 1 1 c 1 1 a 2 ^b 2 ^c 2 cd . . .a n b n c n |m ± > 1, 


1 < i < n 


is not an nCl. 


Proof : 

lot us suppose for the time being that L is an nCL 
and is generated by an nCG- G in normal form. 


Consider the sentence 


z 


•ft* Pp-^* 

1 °l C 1 *’ 


n.p, n.p n.p 
,a :n D n n 




where p is the constant referred to in Theorem 2.1.1. 
let z 1 = a-Pb-Pc-P, for some i, 1 <, i < n. Then, 
according to Theorem 2.1.1, z can be represented as 
u 1 v 1 w 1 x 1 y 1 . . . u n v n w n x n y n , whore b(i) and b(ii) of the 

Q g 

theorem (Theorem 2. i » 1 ) are true, such that v^w^x^y^ . ... 
*’*' u n v n w n x n y n’ °» is als0 in L ’ c ’ nd for some 
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v^ or contains the occurrence of some symbol in 

n.p b n.p n.p 
d i D i G i * 

It can be shown (for a similar proof, sec the proof of 
lemma 2*2.1) that: 


1. None of the v^, x 1 , . . v n , x n , can ha,ve 
occurrences of more than one distinct symbol. 

2. It cannot be that none of , x^ , V n ,x n con- 

tain any occurrences of a. or that of b. or that of c . . 

J ill 

Now, lot = a^* p b^* p c^' p .- from 1 and 2 above, 

it follows that c^ occurs in the result of the t_th tree 
of tho ruderivation tree of z in G-, t > 2. 

Again, let ^ = a “ ^b” * ^ ' p . Repeating the 

same argument, cannot be in the result of the first 
tree of the n-derivation tree of z in G-, and C2 is in 
the result of the t-th tree, t > 3. 

Similarly, c^ cannot be in the result of the n_th 
tree of the n-derivation tree of z in & — a contradiction, 
because there are just n trees in tho n-derivation tree 
of z. 


Hence 1 is not an nCL. 


Q.E.D. 
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lemma 4,1.2: 


The language; 

^ m 


m 1 m 

t a i b i c i 


Hi in in 

n, n n i 
,a . d . c . in . , 

1 1 1 1 i ! 


1 < i < n, > 1 


is not an nCL. 


Proof ; 

Similar to that of lemma 4-. 1.1. 

-*** 

We shall now show that while 0^ (respectively, 
is closed under concatenation with (2* ( is the same 
as or the class of context-free languages) , it is not 
closed under concatenation with 0^ (respectively, 

On the other hand, we sha.ll show that 0^ (or is closed 
under concatenation. 

Theorem 4.1.6: 

(a) 0^ (or A^J) is closed under concatenation with 
context-free languages. 

(b) 00 ('respectively , /S^) is not closed under 
concatenation with languages in 0^ (respectively, A"^) * 

Xi Xi 

(c) (0 (or A ) is closed under concatenation. 

Proof : 

(a) let G = (Yjj, V^, P, (S) n ) he the given nGG 
(respectively, nSCG). let & 1 = (Y^ , , P^, S^) he the 

given context-free grammar in Chomsky Normal Form such that 
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| % = 0 . From G- . , construct an nSCG- as follows: 

1 ^ 

&2 = (% i 5 P 1 , ( S. ) ) , where for each 

1 1 

production: A -* BC in P , n, C are in T vA - , we have: 

-Q I 1 

A - (BC) in P^ s and for each production ;A - a in P^, 
where a is in Y^ > , wo ha ve : A - ( t , £, a) ,in P^. 

Mow, construct; 

® 5 = (v N U % pi s i , v T ;jt, , t v (s 3 ) n ), 

1 C - 1 1 

where S3 is a symbol which is not in Y-^ (J , as follows: 

in 

P^ comprises of the production: S3 (S 3 ^) ,and all 
productions in P and p'. 


It is clear that L(G^) 


1(G)L(G ). 


Hence the result. 

(b) let L 1 = [eV 


and I, 


a ^ 3 .^ 3 .^ | i y 1 


It 


fL u L 

is easy to show that is in o n and is in A 2 - It 
then follows that 1^ is also in 60 and is also in Q^. 
If ( 2 ^ (respectively, were closed under concatenation 

with languages in & 2 (respectively, &,), then ' 




m m n 

a^ 'a^ 1 . . .a^ a^ a x n jm_j , 1_<i<n, > 1 


would be in 


3 1 ~i 

. But this is a contradiction to Lemma 4 . 1 . 2 . 
Hence the result. 




1 . If X is a set then X 1 means concatenation of X with 
itself i times. 
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(c) Let G 1 = (Vjj , V T , P 1? ( S 1 ) m ) , be an ’ 

mCG (respectively, mSCG) , and G g . = (V N , , P 2 , (S 2 ) n ), 

be an nCG (respectively, nSCG-) , such that L(G ) is the 

given language in £5* (respectively, 0)^) and L(& 2 ) is the 

given language in 0^ (respectively, /y() . Without loss of 

any generality, we can assume that each of G^ and & 2 is in 

normal form and Y-^ ['j Y ^ = 0, 

1 2 

In order to prove the result, we shall construct an 
(m+n_l)CG (respectively, (m+n_l)SGG) G such that L(G) = 

l(g 1 )l(g 2 ). 

& = U% , Vj Uv T , p, (s) m+n - 1 ), 

12 1 2 

where S "%■ f] = 0 and P comprises of the follow- 

ing productions: 

1. s- (s 1 s 2 ) m+n ' 1 

2. Por each nonterminating production:! - ( , ... 

. . . , o^) , in P 1 , we have :A - ( , . . . , a,.,, a 1 , . . • , a^in P. 

3. for each terminating production:! - (a^, ... 

. . . , a m ) , in P 1 , we ha ve ;A - (a 1 , . . . , a. ffi , 6 , . . . , 6) f in P . 

4. Por each nonterminating production:! - ( , ... 

. . . , o^) , in P 2 , we have: A - ( a^, . . . , a^, , . . . , a n ) , 

in P. 


5. Por each terminating production: A (a , ..., a n ) , 
in P 2 , we have: A - (6, ..., 


a n ) , in P. 


£, , . . . , 
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It is clear that 1(G) = 1(G )i,(G 2 ). 

Hence the result. 

Q.3.D. 

Given a coupled, language, there can be various 
coupled grammars of different degrees which generate tbis 
language. In fact if an nCG G generates a. language 1, we 
can construct an mCG, m > n which generates the same 
language. Thus it would be useful and interesting to define 
a concept about coupled languages which reveals some of 
their inherent properties. The same holds true for simple 
coupled languages as well. We define this concept through 
the following definition: 

The rank of a coupled language ( respectively, simple couple 
language) L is defined to be the smallest integer m such 
that L is generated by an mCG (respectively, mSCG) . 

From the proof of Theorem 4.1.6(c), we can say that 
if 1^ and L 2 are coupled languages (or simple coupled 
languages) of rank and irm , respectively , then the fank 
■ of the language 1 = is less than or equal to 

But is this a tight bound? In the following theorem, we 
show that it is in fact so. 
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Theorem 4*1.7 * 

jf 1^ and are coupled languages (or simple 
coupled languages) of rank m^ and n^, respectively, then 
the rank of the language 1 = is loss than or equal 

to m„ , Moreover, r.+nm-i is a tight hound. 

I Z 1 2 

Proo f: 

In view of the proof of Theorem 4.1.6(c), it suffices 
to prove only the latter part of the theorem viz. that 
m^+m^-h is a tight hound. 


Consider the languages: 



Clearly, is an SCL and hence also an rn^CL. 
Similarly, is an m 2 SCl and hence also an m 2 CL. More- 
over, it follows from the proof, of Lemma ' 2.2. T that the 
rank of L, is m^ and tint of is ru^. Me shall now prove 

that L = L is not an (m , +m 0 -2) CL (and hence cannot 
[ £. ! <- 

he an (m 1 +m 2 -2) SCL) . In order to prove this, we shall 
uso Theorem 2.1.1. 

Suppose for the tire being that L is an (m 1 4m 2 -2)CL 
and is generated hy an (ra„ +m,-2)0G- in normal form. 

Consider the sentence 
z = a "j • • • a 2m 1 ' b 1 * * *' b 2m 2 s ijr ‘ L ’ 
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whore t • (r.^ -fn^— 2) .p and ,p is the constant referred to 
in Theorem 2,1.1. Let z ^ . . .a 2ni * Then, according 

to Theorem 2.1.1, z can bo represented as: 

2 ■= U 1 V'l x 1 y 1* ‘* u s v s w s x sV 

where s m 1 + >. 2 - 2, sue a that u 1 v^x^ . . . 

" * ,u s V s W s x r/s is r l 30 in 11 for all 1 > 0, and for some j , 

1 < j < s, or contains the occurrence of some symbol 

in From the nature oft he language it follows (using 

similar arguments as .used in tho proof of Lemma 2,2.1) that: 

1. Each of the symbols a 2m is contained in 

or x j . 

2. Nona of x 1 , v gt x g contains the occurrence 

of two or more different symbols. 

It, therefore, follows that b 1 is contained in the 
result of the r-th tree, r > of the s-aerivat ion tree 
of S in Cr. 

Again, let = b"!j. ..b 2n ^. Then, using Theorem 

2.1,1, it can be shown in a manner similar to above that 
b, is contained in tho result of tho r-th tree, r < m 1 + - 

2 - m 2 + 1 = n 1 - 1, of an s-derivation troo of z in G. 

This loads to a contradiction. Hone? the result. 

Q.E.D. 
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4.2 I E Cl SION PROBLEMS : 


In this section, we shall prove the results for 
some ox the decision problems of which arc decidable. 

These results obviously hold for as well. As far as the 
results for the various decision problems for (2^ aud 
are concerned, which are undecidable, we simply list those 
which follow from the corresponding results for context-free 
languages. 


We shall first consider the results of the decidable 
decision problems of (3^. ' We shall prove that the nCG’s are 
recur sive , and that it is recursively solvable to determine 
whether for an nCG G, 1(G) is empty, finite, or infinite. 

In order to prove the recursiveness result (Theorem 
4.2.1), we shall first prove a lemma. 

Lemma 4.2. 1: 

let G = (V N , V T , P, (S) n ) be an nGG such that there 
is no production of the type: A -*■ (6) , in G. let 
((p 1? 7C ) , . .., (p n , 7T)) be a form in G such tint 
|p r ..|3 n j > n.k, k > 1. Then, (( p 1 , 7Vj) ,...,( p n ,7T)) 
cannot derive (w^, , w^) , where vw, 1 _< i _< n, is in Vrj, 

such that Jw^...w r J < k. 

Proof : 

let | p r .. p n | = t (> n.k) . 
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There car be two possibilities: 

(i) The number of occurrences of nonterminals in 
each p., 1 < D < is less than or -equal to k. 

cj 

(ii) The number of occurrences of nonterminals in 
each p., 1 < j < n, Is greater than k. 

If (i) is the case, let the number of nonterminals 
in each p. be s (< k) , so that the number of occurrences 
of terminals in p . . . p n is t - n.s (which is greater than 
zero) . 

Clearly, because there is no production of the type: 
A - (e) n , in G, the reduction of each nonterminal in p 1 
and the corresponding nonterminals in P-, 2 < 3 < n, will 
contribute at least one symbol to This implies 

that: 

iw r ..w n j >t_n.s+s = t-s.(n-l) > t_k,(n_l) 

( since k > s) 

= t_n.k+k > k (because t > n.k). 

If (ii) is the case, the result is immediate. 

Hence the result. 

Q.E.D. 

Theorem 4.2.1 : 

If Or — (V V T , P, (S) 21 ) is . an nCG, then G is 


recursive. 
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Proof ; 

Without loss of any generality, let us assume that 
G is in normal form. Obviously, £ is in 1(G) iff P 
contains the production: S -* (S) 11 . lot us remove this 
production from P ( if it is in P) so as to form P ! . Clearly, 
= P', ( S) n ) , is such that l(G') = 1(G) _ . 

lot w ho in Yj. Suppose that j wj = k. Nov/ wo give 
an algorithm for finding whether w is in 1(G). 

Algorithm : 

1. let T 0 = |( s) ri j- . Set i = 1. 

2. let T. = T._ 1 (Jjp = ((ft,, 7/j), (p D> 7C))| 

for some a = ((os,, 7^), ..., (a^, 7\^)) in T i _ 1 , a ~> p, 
and | p 1 . . . < n.k 

3. If 3k ^ T i_V "^on SGffc i = i + 1 and go to 

step 2. Otherwise, let 1 = T.. 

’ e 1 

4. If there is no ( \v n ) in T such that 

w = w^...w n , then w is not in l(G'). Otherwise w is in 

l(G’). 


Observe that in view of lemma 4.2.1, it cannot bo 


that ( S) n =^> (( p. , 7v ' ) , 
G’ 1 1 




where w^, 1 < i <, n, is in Y J, such |w^,..w r j < k, and 
(p^.. . p n | > n.k. Thus, if (S) IJ (w^ , ..., w n ) , w i? 

1 <. i < n, is in V*, 0 < < k, then (w^ , ..., w n ) 
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will be in T^ for some i. 

Also, observe that 1A 

if A = thsn T i = I i+1 = A+2 


for all i > 1 , and 


The only thing that rerains to bo shown is that the 
algorithm terminates. We note that if T^ > then 

the number of forms in 1A is at3.ea.st one greater than the 
number of forms in T j[ _ r lot the number of symbols in 
% ^ " b9 y* The:n ils nuT Aber of forms ((p^Th,), ... 

(p n , 7^))i |p r ..pj < n.k, is less than or oqual to 
y + (y) 2 + + (y) 11 *^, and hence less than (y + l) n * lr+1 . 

Hence the result. 

Q.E , D. 


Next, we come to the emptiness problem. 

Theorem 4.2.2: 

There is an algorithm, for determining if the language 
generated by a given nCG is empty. 


Proof : 

let G = (V N , V T , P, (S) n ), bo the given nCG. The 
following is the required algorithm. The proof of the 
correctness of the algorithm is simple and is omitted. 

Algorithm : 

We construct sets , — recursively as follows 

1. let N q = 


0. Set i = 1 . 






2. Let N. 


- -^AjA - ( a 1 , ( a 2 , K,) , . . . , ( a n , 7^ ) , 

is in P, where the nonterminals occurring 
in cCj , 1 < j < n, (if any) are in 

K i-4, U H i_r 

-/ 

3. If 1L. , then -set i = i + 1, and go to 

stop 2. Otherwise, let N = N. . 

0 1 

4. If S is in N then 1(G) is not empty. Otherwise 
L(G-) is empty. 

Q.S.D. 

The algorithm for testing whether 0 is in the 
langua go generated by a given nCG is similar to the algorithm 
given in the proof of the above theorem (see Appendix H) . 

Thus, we have: 

Theor e m 4.2.3 : 

There is an algorithm to tost if the language generated 
by a given nCG contains 6. 

*** 

The folio v ing theorem establishes that the finiteness, 
infinit ene ss problem of nCG’s is decidable. 

Theo r em 4.2.4 : 

There is an algorithm to determine if a given nCG G 
generates a finite or infinite number of sentences. 
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Broof : 

let p and q be the constants defined in the proof 
of Theorem 2.1.1. Thus (see Cor. 2. 1.1.1) if z is in 1(G) 
and |z| > n.p, then z can be written as: 

U 1 v 1 W 1 X 1 y 1 * * ' u n v n w n x n^n f 

where for each i > 0, U 1 v ^ w 1 x ^ 3 r 1 . • • ^v^w^xjy^, is in 1(G). 

Also, jv^| + [x^j + ... + | v r J + |x n [ > 0. Henco if there 
is a sentence of length greater than n.p in 1(G), then the 
language is infinite. 

Suppose that l(C-) is infinite. Then there are 
arbitrarily long sentences in 1(G) and, in particular, a 
sentence of length greater than n.p + n.q. This sentence 
may be written as: u 1 v^x^ . . • ^v^w^x^y^ , where for each 
i 1 < D < n, Iv^w^l < q, jv.,1 + 1^1 + ... + |v n | + |x n | > C. 
and u 1 v x w 1 x^y 1 .. .u n v^w n x^y n is in 1 for all i > 0. In parti- 
cular, u^w 1 y 1 . . .u n w n y n is ini. Observe that | u^w.^ . . . 

•••VVp < alld I u i w i y i - • ■ 

*** u n w n y nl > n,p * If I u l w i y l * * * u n w n y rJ > n *P + n.q, we 
repeat the procedure until we eventually find a sentence 

in 1(G) of length 1, n.p < 1 <_ n.p + n.q. 

Thus 1(G) is infinite if and only if it contains a 
sentence of length 1, n.p < 1 < n.p + n.q. 

Since we can test whether a given sentence is in 
1(G) (see Theorem 4.2.1), we have merely to test all sentences 
of length greater than n.p and less than or equal to n.p + n.q 
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for membership in 1(G). If there is such a sentence, 
then L is clearly infinite; if not, then there are no 
sentences oflength greater than n.p in 1(G), so 1(G) is 
finite. 

The required algorithm is obvious from above. 

Hence the result. 

Q.E.D. 

finally, let us take up some of the undecidable 
problems of nCl and nSCl. 

In view of Cor. 2.2. 1.5 and the fact that every 
context-free language is in and hence in G^j 1 , we 

have the following undecidable results which follow from 
the corresponding results for context-free grammars (33). 

Theorem 4.2.5 : 

The following decision problems are undecidable. let 
G, G , G 2 be arbitrary nCG's (or nSCG’s): 

1. I(G 1 ) vC l(G 2 ) . 

2. !(&.,) =' 1 (& 2 ). 

3. 1(G) is regular. 

/[■. G is unambiguous. 
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5'. 1(G) is unambiguous. 

6. 1(6) is empty. 

7 . 1(G) is infinite. 

&. 1( G) is regular. 

3 . 1(G) is context-free. 

10. !(&.,) (\1(G 2 ) = 0. 

11. l(G 1 )(7l(G 2 ) is infinite.. 

12. i( & 1 ) n i( G 2 ) is regular. 

13. 1(^)0 1C & 2 ) is corrteixt-free. 

4.3 GO 1C1U SIOUS: 

In this chapter, we have investigated some of the 
closure properties and decision problems of coupled languages. 
Table 4.3.1 and Table 4.3.2 summarize most of the results 
that we have obtained. We note that if some decision problem 
of (3^( respectively, 0^) is undecidablo, then this problem of 
0^ (respectively, 0^) too is nnde cidablo . Thus some of the 
results listed in Table 4.3.2 are valid for 0 and , as well 
We have also proved that (or 0> L ) is closed under conca- 


tenat io n. 
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Table 4.3.1 


Closure under 

{ 'OL 

n 

n 

Union 

Yes 

Yes 

Substitution by 
context-free languages 

Yes 

Yes 

Intersection with 
regular sets 

— 

Yes 

Intersection 

No 

No 

Complementation 

No 

No 

Concatenation with 

context-free 

languages 

Yes 

Yes 

Concatenation with 

T 



languages in 

No 

- 

Concatenation ^ 

with languages in 

— 

No 
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Table 4.3.2 

Problem 

G L 

n 

e 1 

J n 

Recursivene ss 

D 

D 

Emptiness 

D 

D 

Finiteness, infinite ness 

D 

D 

Is 1 (&.j) .,C.l(G 2 ) ? 

U 

U 

Is 1(G) regular? 

IT 

IT 

Is & unambiguous? 

U 

U 

Is 1(G) unambiguous? 

U 

U 

Is 1(G) empty? 

u 

u 

Is !(&) infinite? 

u 

u 

Is 1(G) regular? 

u 

u 

Is 1(G) context-free? 

u 

u 

Is 1(G 1 ) Hl(G 2 ) - 0 ? 

u 

u 

Is 1( G^ ) f]l(G 2 ) infinite? 

u 

u 

Is 1(G^ f)l(G 2 ) regular? 

u 

u 

Is I(G^ j^ 1(G 2 ) context-free? 

u 

u 

D - Decidable 



U - Undecidable 
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We have defined the concept of ‘rank* for coupled 
languages which reveals some of their inherent properties. 

Ihis concept is similar to that defined for equal matrix 
languages (36). We have proved that if 1^ and are 
coupled languages (or simple coupled languages) of rank 
and , respectively, then the rank of the language 
L = L^L 2 is less than or equal to m^ + rn^ - 1; moreover, 
m^ + m 2 - 1 is a tight bound. 

We have found 'the concept of n-dorivation trees and 
the pumping theorem for coupled languages useful for 
proving some 'negative' results. The machine characteriza- 
tion of n-simple coupled languages has been useful for prov- 
ing that n-simple coupled languages are closed under inter- 
section with regular sets. Wc notice that such a result is 
significant because many other results follow from it. 

Wo conjecture that n-coupled languages arc closed 
under intersection with regular sets. A machine characteriza- 
tion of n-couplcd languages will be quite useful in this regard. 
We also conjecture that (or 0 L ) is not closed under closure 

or S-froe closure. Such a result will establish that 
(or 0 L ) is not an 'abstract family of languages' (15). Such 
a result is true for (or in view oft ho results in (19) 

and the fact tint an n_ simple coupled language is the same as 
simple matrix language of degree n (see Chapter 5). Because 
of the equivalence between and the class of simple matrix 
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languages of degree n, and that between and the class 
of equal matrix languages of order n (see Chapter 3), 
many additional results for and (J^ on closure 

properties and decision problems, become available. 

1'ho general implication of the results in this 
chapter is tint though coupled languages form a richer class 
of languages than the class of context-free languages yet 
they have many properties in common. This is quite an 
encouraging fact and is in contrast to the case for ‘ 
classes of languages in the 'Chomsky hierarchy'. 






CHAPTER 5 


RELATIONSHIP OP THE CLASS OP COUPLED LANGUAGES WITH 
SOME KNOWN CLASSES OP LANGUAGES 

In this chapter, we investigate the relationship of 
the class of coupled languages with some known classes of 
languages viz . the classes of context-sensitive languages, 
simple matrix languages ( 1 9 ) and equal matrix languages ( 34 ). 

In section 5 . 1 , we prove that the class of coupled 
languages is properly contained in the class of context-sensi- 
tive languages. In section 5.2, we show that the class of- 
simple matrix languages of degree n is the same as the class 
of n-simple coupled languages. In section 5.3, we show that 
the class of equal matrix languages of order n is the same as 
the class of n-right linear coupled languages. We close the 
chapter with some conclusions and remarks in section 5 . 4 . 

5.1 CON TEXT-SENSITIVE LANGUAGES AND COUPLED LANGUA GES: 

In this section, we shall show that the class of coupled 
languages is properly contained in the class of context- 
sensitive languages (Theorem 5.1.1). In order to prove this 
result, we shall prove that any nCL is accepted hy some deter- 
ministic linear bounded automaton (Lemma 5.1.1) and the Parikh 
mapping (see Appendix I) of an nCL is semilinear (Lemma 5.1.2). 










lemma 5.1.1 : 


Any nCL L is accepted loy some deterministic linear 
bounded automaton. 

Proof : 

1 

We will only discuss an outline of the proof . 

let G = (Yjj, Vrp, P, (S) n ), be an nCG in normal form 

such that 1 = 1(G). We will indicate how to construct from 
2 

G a D1BA which does ’analysis by synthesis' of the given 
language L. Before we discuss some details of the construction, 
we will consider a few points: 

1. let w be a sentence in 1 and jwj = m (> 0). let 
1 = < , . . . , T^ > 5 be an n_derivation tree of w in G. Because 

G is in normal form, it is easy to see that the number of pendant 
nodes in each It, 1 _< i < n, is less than or equal to m. Prom 
this and the fact that each nonpendant node in each It , 

1 < i < n, has either got a single direct descendant which is 
a pendant node or has got two or more direct descendants 
which are nonpendant nodes, it follows that the derivation of 
w in G consists of 2m- 1 or less steps. Without loss of genera- 
lity, we can think of this derivation as a leftmost derivation 
( see lemma 1 . 4. 2) . 

1. The proof is a generalization of the proof of the correspond- 
ing result for context-free languages (24). 

2. ’DIM’ stands for deterministic linear bounded automaton. 
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2. Let the number of productions in P be p. Let us 
associate numbers with these productions, from 0 to p-1. Any 
leftmost derivation in. G can be described by a sequence of 
numbers in which the i-th number is the number associated with 
the production used in the i-th step of the derivation, provided 
at each step^track is kept of the n occurrences of a nonter- 
minal which are to be expanded at the step. Clearly, the pro- 
ductions in P contain enough information for doing this 'tracking 
work; note that there is no ambiguity at the first step of the 
derivation as to which nonterminals are to be expanded at this 
step. Let w be in L and let |w| = m. In view of 1 above, 
there cannot be more than 2m- 1 numbers in the sequence that 
we have referred to above for describing the leftmost derivation 
of w, in G i.e. a (2m-l) -position base p number can be used to 
describe this derivation; with the i-th digit position from the 
left containing the number used in the i-th step of the 
derivation. 

Let us now come to the construction of the required 
DLBA. There will be five tranks on the tape of the DLBA, The 
first track will hold the string being tested. The second 
track will hold the working string for the leftmost derivation. 
The third track wall contain markers indicating which nonter- 
minals (n occurrences of a nonterminal) are to be expanded in 
the next step of the derivation. The fourth track will hold 
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"the base— p number which represents the choices of pro- 
ductions to be used in the derivation. The fifth track will 
contain a marker indicating which element of track 4 (i.e. 
which produc + ion) is to be used in the next step of the 
derivation. 

To start a t~ot 5 the machine writes the start form in 
track 2, places markers on track 3 against S 5 s on track 2, 
writes a string of 2m-1 zeros on track 4 and places the mar- 
ker on track 5 against the first position of the number on 
track 4 . A typical configuration after this initialization 
process is shown in Tig. 5.1.1 for n = 3, and m = 4. 

In view of Lemma 4.2.1, the maximum length of track 
that will be used while testing a string of length m will be 
nm +2+n_ 1 (excluding the spaces taken by t he ©n-d .markers) , where 
2+n_l is the number of spaces taken for the commas and the two 
parentheses. 

To simulate a single step of the derivation, the machine 
uses the following algorithm: 

Algori thm: 

(i) Examine the symbol under the marker on track 4 to deter- 
mine which production is to be used in the n^xt step of the 
derivation. Then examine the nonterminals under the markers 
on track 2. Can the indicated production be used? If no, 
go to ( iv)j otherwise ? cont inue. 
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(ii) wake the transformations on track 2 (i.e. expand the 
form u sin ft the indicated production), as well as on track 3. 
(Clearly, from the information about the correspondence of 
nonterminals in the production used, the new positions of 
the markers on track 3 can be determined). Does the string 
on track 2 contain any nonterminal ? If yes, go to ( vi) , 
otherwise continue. 

(iii) Compare the string on track 2, ignoring the commas and 
parentheses, with that on track 1 (this is assuming that 
input string does not contain any comma or parenthesis; 
otherwise this can easily be taken care of). Does it match? 

If yen, the string is accepted, and go to (viii), otherwise 
co nt i true . 

(iv) Is the number on track 4 equal to p 2m_1 - 1? If yes, the 
string under test is rejected and go to (viii), otherwise 
continue. 

(v) Increment the number on track 4 by 1. Replace the 
string on track 2 by the string (S) n . Place the markers on 
track 3 against S's on track 2. Place the marker on track 5 
against the first position of the number on track 4. do to ( i) . 

(vi) Is the marker on track 5, 'the rightmost avail- 
able position (i.e. immediately to the left cx ffl ) ? If yes, 
go to (v), otherwise continue. 
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(vii) Move the marker on track 5 right by one position. 

Go to ( i) . 

(viii) Stop. 

Q.E.D. 

Equipped with the concept of ruderivation trees, the 
proof of the following lemma is on the same lines as that 
of the corresponding result for context-free languages ( 28) 
and is given in Appendix I. 

Lemma 5.1.2 : ■ 

The Parikh mapping of an nOL is semilinear. 

*#* 

Let Q o denote the class of context-sensitive lan- 
s 

guages. From Lemmas 5.1.1 and 5.1.2, and a theorem in (24), 
it follows that : 

Theorem 5.1.1: 



5 . 2 SIMPLE MATRIX LANGUAGES ALE SIM PL E COUPLE! L AI GUAGES ( 39 ) 

In this section, our aim is to show that the class of 
simple matrix languages of degree n ( 19) is the same as the 
class of n_ simple coupled languages (Theorem 5.2.1). 

We first give a few definitions concerning simple 
matrix languages vhich we have taken from Iharra (19). 
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Let n > 1. A simple matrix grammar of degree n (or 
n-aa&) is an (n+3) -tuple = <V , . . V n , P, S, S),, where 

(1) 7 , . . . , are finite nonempty pairwise disjoint sets 
of nonterminal .symbols; 

(2) £ is a finite nonempty set of terminal symbols^! fi V. = 0, 

D 

f°r 1 .< 3 < n; 

(3) S is not in 7^ \J ... (J 7 n (J Z ,and is called the start 
symbol ; 

(4) P is a finite set of matrix rewriting rules of the form; 

(a) Qs — w] , where w is in 2*, 

(b) [S - x 11 a 11 x 12 A 1 2 . ' • x 1k A 1 k* * * x n1 A nl* ■ ,x n^nk y 1 5 
where k > 1 , y is in E*, and for 1 <. i ,< n, 1 _<j <_ k, A. . is 

J-J 

in V. and x. . is in £*, 

. (c) [A 1 -* w v ... ,A n -w n J, where for 1 < i < n, is in 
7^ and is in E* s 

x i i A i 1 x 12 A 1 2* ** X 1 k‘Sk y 1 5 * ‘ * ,A n x n1 A nl * * * x nk A nk^n3 
where k > 1 and for 1 < i < n. 1 < j < k, y. , x. . are in 2* and 

X 1 J 

A., A., are in V. # 

1 ir) 1 

Let G n = < 7 , . . . , 7^, ?, S 5 E > be an n_S4G. For 
a, p in (V 1 U . ..UV n U 2 U let a =» it either (l) 

or (2) holds: 
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w i = x i1 w i1 x i2 w i2--- x ik w ik> an4 

» 

w n ~ x m w 'n1 x n2 w n2 * ’ * x nk w nk^' • 

The validity of the following result is easy to see. 


lemma 5. 2.1 : 

With various symbols having the same meaning as in the 
above definition, if 

X 1 1^1 1 X 1 2 X 1 2* * * x 1k^11c‘ * • x nl A n1 ' ' ‘ x nk A nk y w? 

n 

then we can break up the derivation as follows: 

X 1 1 A 1 1 X 1 2^1 2* ‘ ’ x 1k Ji 1k* * " x n1 x n1 * ' * x nk^'nk^ 

~=^> x '| -i w -| i x 12^12* " * x 1k" i 1k* * * x n1 w n1* * * x nk x nk y 
^n 

X 1 1 W 1 1 x 12 w 1 2* * * x 1k A 1k* * ,x n1 w nl x n2 w n2* * * x nk A 'nk y 


G- 


n 


==» x 11 w 11 x 1 2 w 1 2* ‘ * x 1k w 1k* * * x n1 w n1 x n2 w n2* * ,x nk w nk y 

NOTATION ; 

M, denotes the class of simple matrix languages of 
degree n. 

*** 

We now go about proving the main result of this section 
(Theorem 5 • 2 . 1 ) by pro v ing Lemma s 5 • 2 . 2 a nd 5 • 2 . 3 ♦ 
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Lemma 5.2.2 : 


Proof: 


4 C J V A 


Let G- = (V^, Vrp, P, (S) n ), be an nSCG in simple normal 


c 

form, where Y-^ = jA 


1 1 


A 


0 


Ik) * 


We construct an n-SV!G 


G- p such that L(G-) = L(G^) , as follows: 


G- = < Y 

n v 1 5 


V. = 2 A, , A, 


Y n , P ! , s, \n > , where 


L i1 5 A i2 


11 


ik 


j 


, 1 < i < n, and the 


rules of P' are constructed as follows: 


(a) (i) [S - A^.^AJ , is in P'. 

(ii) Por each nonterminating production: 

S - (A 1p A 1(i ) n , in P, 1 < p, q < k, we have in P' 

the rule: 


tkl A 1 p A 1 q ’ A 2 A 2p A 2q’ ***’ A n A np A nq 1 • 

(b) Por each nonterminating production: 


A 1x - (A 1p A 1q ) n , 1 < x, p, q < k, in P, we have in P 
the rule: 




lx 


1p^1q s A 2x "* A 2p A 2q’ * * * A nx ” ^np^nq 


! A 


A rm A na "1 * 


(c) Por each terminating production: 


S - (a 1 ,a 2 ,... s a n ) , in P, we have in P ! the rule: 
[S - a -| a 2* • * a nl- * 
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(d) For each terminating production: 

^ 1 x i » a 2 ’ • • * > a n ) > 1 <. n < k, in P, we ha ve in P ' 

the rule: 

t^lx "* a 1 » il 2x ■* a 2 5 ‘ * * 5 A nx a n 3 * 

*■** 

I'he idea behind the above construction is the following: 
In n_ simple coupled grammars, we have that all nonterminals 
which correspond with each other in a production are necessarily 
the same symbols. In n-SAG's this is not the case. We take 
care of this fact by creating n nonterminals ^2i s ’** , ^ni 

in G^, for each nonterminal in ff, 1 < i < k. For all pur- 
poses one can think of these nonterminals as 'corresponding' 
with each other. Again, in nSCG's there is nothing like a 
'concatenating' production while there are 'concatenating' 
rules in n-SAG's. We let the 'corresponding with each other* 
nonterminals: A^, serve the same function in as 

the start symbol S serves in G. 

Now, we shall prove that 1 (G) = l(G^). In order to 
do so, we shall first prove tie following: 

For i, 1 < i < n, y ± , yu, in Y|, in (V^U Y^,)*, 
in (V J _ V5O* and p, 1 < p < k, (y 1 A 1 y^i-lpSi) 

=§=> (y^o,, v A ), 

iff 
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y i A ipPr--V np Pn 


(i) 


n 


We shall prove (I) by induction on the number of steps of 
derivation. 


only if: 


Suppose that the derivation in G- is one step long. 

This implies that there is a production: -* (w^ , . .., w n ) , 

in P. Prom the above construction, it follows that the rule: 

[A 1p -*■ w 1 , w 2 $ • * • > ^"xxp w n H } y * thus for 

one step derivations in G, the 'only if part of (I) is 
true. 

Assume as an induction hypothesis that the 'only if 
part of (I) is true for derivations in G of length m or less, 
where m > 1 . 


Mow, suppose that the derivation in G is of length m + 1. 
Prom lemma 1.4.2, it follows that we can assume it to be a left- 
most derivation, let the production used in the first step 
of the derivation be: -(A^ A ^ g , ) 11 , 1 < p’, q_‘ 5 <. h. Then, 

( y 1 A 1 p a 1 5 * ’ * ’ y n A 1 p a n ; 
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From the construction of G^, it follows that there 
is a rule: 


A A 


, A 


'Ip ~1p'^1q ,J ,Xi np JX np'^nq 


Q , in P ' , and 


therefore , 

y 1 A 1ph * * #y n A np Pn T? y 1 A 1p iA 1q ' * * * y n A np ,A nq f PeT 

Lr 

n 

Now, use of the induction hypothesis completes the 
proof of this part. 

The proof of the 'if part of (I) is on the ®me lines 
as above and is omitted. 


Now, let us come to the actual problem of proving that 

i(G) = kg;). 

Let s be in 1(G). We shall prove that it is also in 
L(G^). This is obvious from the construction of G^, if the 
derivation of z in G is one step long. If the derivation is 
more than one step long, let the first step of the derivation 
be: 

( S ) n => (A . A . ) n . 

From the construction of G^ ? we notice that the rules: 

C s A i- A -2*‘* A nl ? and "" A 1p A 1q’ A 2 A 2p A 2q’ A n A np A nq3 ’ 

will be in P', so that S ==> A '] p A '| q A 2p A 2q* * * A np A nq* Now ’ usin S 

^n 

(I), it follows that z is in L(G^) also. 
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Again, lei z be in L(G^). We shall prove that it is in 
1(G) also. If the derivation of z in G^ is one step long then 

I 

we observe from the construction of G that there will be a 
production; S (a^ , . . . ,a n ) , such that z = a_p..a n . Thus z is 
also in 1(G). Now, let the derivation be more than one step 
long. In the first step of the derivation, the rule used has 
to be: |jS -* . . .Aj ■. Let the rule used in the second 

step be: 


GS "* A lp A 1q 5 * ' ‘ ? A n A np A nql ' 

Corresponding to these rules ini', there is the production: 

S - (A 1p A 1q ^) n , in P. Thus, 


A . A. A„ A 0 . . .A A^. and 
Ip 1 q 2p 2q np nq s 


n 


(S) 


n * s 


follows now using (I). 


G 


(A 1 A^ ) n . That z is in 1(G) also. 


Q.E.D. 


Lemma. 5 .2.5 : 

Proof : 

Let G n = < V , ..., V n , P, S, 2 > , be an n-SvlG, where 






I 
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We construct an nSGG- G-* such that l(G- n ) =L(G-'), as 
follows : 

Ct' = (Vjf, 2, P' 5 (S) n ), where 

% = |'((A 1 ...A n ))|A i is in V i , 1 < i < nj U | sj, 

and P 1 is constructed in the following manner: 

(a) Por each rule: 

Qs 9 in P, we have in P 1 the production: S ->■ (w, 

(h) Por each rule: 

L s "* x i -1 A 1 -1 • * * x lk A 1k* * * x nl A nl * * * x nk A nk y 3. » in P ’ we 
have in P 1 the production: 

S -*■ (x^ ( (A^ ^ . A,^ ) ) • • • A -] v* • * ^ 5 * * * 

• • • » x n1 ^ ^ A 11 * * * A nl ^ * ,x nk" ^ A 1k‘ * ,A nk^ y ^ * 

( c) Por each rule: [A^ -* , . . . , A ni -* w n 3. , in P , we 

have in P’ the production: 

((A . . ..A ni )) - (w 1? . w n ). 

1 1 .n 

(d) Por each rule: 

C A 1i 1 ~ x n A i1 * • * x ik A 1k 7 1 ’ * ' • 

• • • x n1 A n1 * * * x nk A nk 7 n 3 > 

in P, we have in P 1 the production: 
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C(A n ...A ni )) (x 11 (( A 1 r*V ) *' •*- A nk )) ’** 

• • ? x ir1 (A 11 ** • A n1 ) ^ •* x nl^ (A lH*-* A nlc ))y) ' 

The idea behind the construction of G-' froir G n ’ to Use 
single nonterminal ((A r ..A n )) in &• such that -the nonterminals 
A . ,-A^ in G n are used in a production Lr tine sane manner as 
'corresponding' nonterminals are used m nSCfr s, anc to split 
the right hand sides of ' concatenating • rules in ^ to get the 
equivalent productions in G'. 

Here also, we have: 

' -,-vi v* n in (Vit U £)* and 

for i, 1 < i < n 5 y ± > 7±» w i in E ’ a L xn 1 N U 

Pj_ in ( Vj^U i) * s 

p 1 y 2 A 21 P2* ‘ ,y n A ni^n 

==> y 1 w 1 w 2^2* 

G n 

iff 

(y’((A ir ..A n1 )) ai ,y^((A ir « n ) 


* 


G' 


(y^ w 1 a 1 • • »yr% a n^ 


(I) 


, nn n "f stems of derivation, 
(I ) can 138 proved by induction on the *<=• od stops 

!be proof is on the ,.e lines as that of (I) i* » 5.2.2, 
and is omitted. 

How, let us prove that L(G n ) = lC & )- 
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let z be in L(G n ). If the derivation of s in G n is one 
step long, then there must be the rule: jj3 - z] , in P. Then, 
from the construction of G' , it follows that there is a pro- 
duct ion: S -* ( z , £ , . . . , 6) , in P so that ( S) n ==^> (z, 6, 

G' 

which implies that z is in l(G') also. On the other hand, let 
the derivation of z in & n be more than one step long, let 
w^...w n be the S-decompo sit ion of z and let the rule used in the 
first step be: 

C s "* X 11 A 11 X 12 A 12* • * x 1k A 1k* * ,x nl A n1 ‘ ’ * x nk A n]J * 

Prom the construction of &' , it follows that the production: 


S ^ ( ( A ^ ^ . . . A^ ) ) . • • (A ^ . . A^i^) ) , . . . 

. * >x nl( ( A 11* * ,A nl)) • * x nk(( A lk* * * A nk)) y ) 5 ls in P * 
Now, using lemma 5.2.1 and (I) as above, it can be easily show-^ 

that (S) n =^> (w,,...,wj. The proof for it is omitted. 

G' 1 n 

Again, let z be in l(G'). We shall show that it is also 
in 1(G ). If the derivation of z in G 1 is one step long, then 
there must be the production: S -* (z, £,...,£), inp'. Then, 
from the construction of &' , it follows that |J3 z[ , is in 
P, so that z is in l(G n ) also. Now, let the derivation of z 
in G 1 be more than one step long, let the first step of the 
derivation be: 

( s ) ^ X 1 1 ^ ( A 1 1 * ’ ,A nl) ) * * * x 1k( ( A lk* ' ‘ A nk^ ) y l J * * * 

* * • jX nl ^ ( A 1 1 ’ ’ ,A nl ^ * • x nk ( ' ^ A lk’ * ,A nk^ y n^ * 
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Considering the leftmost derivation of z in G 1 , the result 
follows using (I) as above. 

QiE.D. 

Prom lemmas 5.2.2, and 5.2.3, we have: 


Theorem 5.2 . J_ : 




Prom the above theorem and in view of Cor. 


*** 

2.3. 2. 2, we 


have: 


Theorem 5.2.2 : 



5 . 3 -EQUAL MATRIX LANGUAGES AND RIGHT LINEAR COUPLED LANGUAGES: 

The main result of this section is that the class of 
equal matrix languages of order n (34) is the same as the class 
of n_right linear coupled languages. It is to be noted that the 
class of equal matrix languages of order n is, by definition, 
the same class of languages as the class of right linear simple 
matrix languages of degree n (19). 

Let us first give a few definitions concerning equal 
matrix languages which are taken from Siromoney (34). 

G ~ (V, I, P, S) is said to be an equal matrix 

grammar (BMG) of order n if 





I L 




(1) v consists of the alphabet I, the InitlaL^ffihol S, 

and the rest of the nonterminals % in the form of distinct 

A > and p consists of the following types 
rutuples < ii- -j s - * * ’ n s 

of matrix rule jiL : 

f .s h- n f initial rules of the form [S - f/r'VJ ’ 

( 1 ) a se u ° x — — — — 


where f 


1 


fp, are in I*, S the initial symbol, and 


<A A )i n 

Vri ^ 3 • • # 9 ^ il 


x Q f nonterminal rules of the form 
(n) a ser oj- 


jx . 


1 A 


n 


hi 


f B 
n n. 


where f ^ , 
are In V- 


f are in I', < £i 
» n 


1 > • * • » A n > 5 < B 


j ' ». 


* s B n > 


N» 


x 0 f terminal rules of the form 
(m) a sem 


i A 


; A 


n 


_ n 


f a re 

where f ^ , - • • ’ n 


*** 


i in I* and < A^ 9 . • • ? 1 B* 

_ (y x p s) he an EMG of order n. We write 
let G = r ’ . 

^ i . c. r„ _ f a f A 1 is an initial rule m P a 
S => ft. . . • f n a n Vi- £ n nJ 


G 


■t* i 


w 


1 


x 1 , 


=:> W, 


» x n 


if w 1 = x 1 A 1 ...x n A n , w 2 - x 1 v r ..x n v ?1 with 


in I*, and 
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n, 

? i 


i xi 


n 


is in P, 


n t 


* 


and u => v is the reflexive, transitive closure of =; 
G G 


*** 


L V C I* is an equal matrix language (BML) if there, is an 


EMG G = (V,I,P,S) such that 1 = L(G), where 1(G) = |w in I*| S '^=>w 
1(G) is said to he the language generated h y G. 


NOTATION: 


o denotes the class of equal matrix languages generatjut 


by BMG 1 s of order n. 




The proof of the following theorem is similar to that 
of Theorem 5.2.1 (see Appendix J). 


Theorem 5.3.1 : 


/P/L 
'n 


= A 

Prom a result In (19), and Theorem 5.2.1, we have: 


*** 


Theorem 5.5.2 : 

A 1 1 £ 

• n ly n 




Prom the above theorem and Theorem 5.3.1, we have: 
Theorem 5.5.5 : 

An J x 
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5.4 CONCLUSIONS : 

In this chapter we have established the relationship 
of the class of coupled languages with some of the known 
classes of languages viz. context-free languages, context- 
sensitive languages, simple matrix languages and equal matrix 
languages. There is, however, scope for doing more work in 
this direction. A number of new classes of languages have 
been proposed in recent years, (2,17,21,30,31,52,40). It will 
be useful and interesting to find out how these classes are 
related to the class of coupled languages. 

It follows from Lemma 1.2.1 and results in Chapter 2 
that (or properly contains the class of context-free 

languages. Thus (or 3>^) , n > 1 , defines an infinite 
hierarchy between the class of context-free languages and the 
class of context-sensitive languages. (While the hierarchy 
touches the class of context-free languages on one end, it 
does not touch the class of context-sensitive languages). 

One would like to know how these hierarchies are related to 
other similar hierarchies, for example that of Kasai (21). 

In view of Theorem 5.2.1, all the work done for simple 
matrix languages (19) holds- true for simple coupled languages. 
Similarly in view of Theorem 5.3.1, all the -work done for equal 
matrix languages (34,35,36) holds true for right linear coupled 
languages. 





3)1 SCUSSION 


In this thesis, we have investigated a class of 
formal models for languages and translations which we call 
'coupled grammars'. These grammars are generalizations of 
syntax directed translation schemes and can also be looked 
at a s natural extensions of context-free grammars. As 
translation models these bavu been partly studied in (37). 

Our motivation for defining these grammars has boon two fold: 
(a) Need for a powerful class of models which ,at the same 
time, are 'simple', ani ( h) Need for classes of models. which 
represent naturally different types of structures. We have 
found that these grammars are, in fact, 'simple' In terms 
of the ease of writing those grammars for certain classes 
of languages and translations, and also in terms of their 
properties. Also, the so grammars can represent naturally 
a class of structures which can be expressed through n-tuples 
of labeled rooted trees which are related to each other in 
a certain manner. 

Coupled grammars can be used as language as well as 
translation modelling devices. One of the facts which makes 
these grammars powerful as translation models is that the 
domain and/or the range languages of those grammars can be 
non context-free languages. These domain and range languages 
are, in fact, coupled languages. This fact has prompted us 






224 


* 

to concentrate on coupled languages in the thesis. 

Whore does the class of coupled languages stand in 
the Chomsky hierarchy? We have proved that it contains the 
class of context-free languages and is properly contained 
in the class of context-sensitive languages. 

W g have identified three 'complexity' parameters.' 
of coupled grammars: degree, order and JJ- simplicity. Out 
of these, the XJl- simplicity soems to he novel and interesting 
one. We have found that these parameters induce structures 
on the languages and translations generated by these grammars. 

We have obtained a number of results in this direction which 
are contained in Chapter 2. 

In order to characterize these languages, wo have 
defined a class of machines which we call' n_turn generalized 
checking automata. We have proved that these machines charac- 
terize a subclass of coupled languages called simple coupled 
languages of degree n (Chapter 3). An important thing about 
the class of simple coupled languages of degree n , that 
we have found, is that it is the same as the class of simple 
matrix languages of degree n (Chapter 5). Thus we get a 
machine characterization of simple matrix languages of degree n. 
This is interesting in view of the fact that simple matrix 
grammars and simple coupled grammars look quits different, 
the former are, in fact, restricted matrix grammars.- 
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The concept of n-deri vation trees, which wo have 
defined (Chapter l) , plays an important role in the 
thesis and we believe that it will play a significant role 
in the theory of coupled grammars. 

The work on coupled grammars is • far- , from complete. 

We have touched only a few issues. Come of the problems on 
which work can be acne are: 

a) Characterization of coupled languages and coupled 
translations in various ways including through machines. 

b) The usefulness or otherwise of coupled grammars 
for modelling programming languages and their compilation. 

c) Application of coupled grammars in pattern recogni- 
tion and analysis. * 

b 

d) Algorithms for efficient parsing of coupled grammars. 

k 

o) Defining restricted coupled grammars which are 
efficient to handle; such vrork has been done for context- 
free grammars in recent years (11,13,22). 
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APPENDIX . A 


In this appendix, we shall construct an ( n+1 ,cr,k) CD, 
k > 1, G- such that 1(G) = ... l a — ^ i * s^H 

consider two cases: (i) k = 1, and (ii) k > 2. 

(i) k = 1: 

Here, G- = ( jsj, . .., a 2 n+l'v 5 p ’ ( s ) n+1 ):> where 

P comprises of the following productions: 


1 . S — (a 1 Sa 2 

9 • • • 7 ^ 2 Yl- - 1 ^ a 2 n ? a 2n+1 ^ ’ 

2. S - (a^a 2 , ..., a 2 n_i a 2 n s a 2n+V * 

(ii) k = 2: 

let G ' = (V-jf, 0 , P' s (S 1 ) n+1 ) be the sample 1 ( n+1 ,cr,k) CG. 

G = (V^U{s}, [a 1? a 2n+1 j , P, (3) n+1 ), such 

that the symbol S is not in 7^, and 'where P = P' D |~S - (a^Sa^,. 


*’ a 2n— l^ a 2n s a 2 n+1 ^ 5 ® 


( a -| a 2 » *•*’ a 2n-1 a 2n s a 2n+1^j‘ 


It is easy to see that in both cases: (i) and (ii), 
1(G) = |a a ... a a n+1 | i > 1 i , and G is an ( n+1 ,<x>k) GG. 


1. We define the sample (n,cr,k)CG in the proof of Theorem 1.1.1 







APPENDIX B 


Pais appendix is a supplement to the proof of Lemma 2 . 3.3 
and should be read in conjunction with it. Here, we will prove 
the statements s 1 and s 2 „ 

s^: Any element of X contains and contains only 

type (1,3) occurrences of a , or contains and 
contains only type (1,3) occurrences of b^. 

Proof : 

Consider some element x of X. We will assume that It con- 
tains a type (1,3) occurrence of a (the proof in case it con- 
tains a type (1,3) occurrence of b is similar and Is omitted). 

We will prove that x does not contain an occurrence of a symbol 
different from a and contains only type (1,3) occurrences of 
a . Let us, for the time being, suppose to the contrary. This 
implies that either 

1. x contains an occurrence of a symbol other than & rm , or 

2. x contains a type (s", t ") occurrence of , where 

s'V 1 or t V L 1 < s" < n, 1 < t" < nVJ 

In view of Lemma 2 . 3.1 (c and d) , type (1,3) (or (s M , t ") ) 

occurrences of a._ and b _ are adjacent to each other, all such 

rm rm d ’ 

occurrences of a rm preceding all such occurrences of b^, and 
so case 2 gets reduced to case 1. 





Now, there can he two cases: (I) 
symbol from among the symbols in Y = | 

**•’ a (n-l)l’ ^(n-l)l’ "k(n~l)2 

contain any occurrence of this symbol. 

occurrence of each of the symbols in I, 


There is some 

a n» b l1> a 1 2 5 l3 12* •" 

l such that x does not 
J 

(II) x contains an 
we shall consider 


the two cases one by one. 


(X): Since z(i) is in 1 for all i > 0, z(3) = oxxxfi, 

for some a and (3, is also in I. This is a contradiction in view 

of Lemma 2.3.1 (c and d) . 

(II): Here again, there can be two cases: ( i) x contains 
a type (l,j) occurrence of b rffi also; (m) x does not contain 
any type ( 1 , 3 ) - occurrence of b^. 


(I): We observe that in z, all the type (1,3) occurrences 

of a are adjacent to each other and are immediately followed 
rm 

by all the type (l,j) occurrences of b m (see Lemma 2.3.1(d)). 
Since x contains an occurrence of each of the symbols^ in Y, 
even in the worst case, x will contain a rm b rm * a or a rm b^, as 
a substring, each of the two strings comprising of distinguished 
positions only (i.e. the occurrences ox a rm and o rm in 
■ strings are type (1,3) occurrences of and b rm , respectively). 

This innolies that x contains a substring of length greater tba 
cl, which comprises of distinguished positions only. This is a 
contradiction in view of b ! (ii). 





(ii): This implies that x contains a type (s", t") 
occurrence of b , where s" / 1 or t" / j, 1 < s ’’ < n, 

1 < t" < n' , and the symbol g. . does not occur in x. Since 

' J 

z(i) is in 1 for all i > 0 S z(2) is in 1. Now, the contradic- 
tion follows in view of lemma 2.3.1 (b). 

Hence the result. 

Q.E.D. 

A type (s', ;j), 1 < s’ <. n, occurrence of a.^ (res- 

jp^ 

pectively, b ) must A m Y , , where V , is v. or x. , 

XTu S o -L 

1 < i < n’ , such that Y . contains and contains 

only type (s', 3) occurrences of a. (respectively, b^) . 

Pr oof : 

Since X is not empty (in view of b ! (i)), we have: (i) Y^ 
contains a type (1,3) occurrence of a rm , or (ii) Y^ contains a 
type (l,j) occurrence of b . let us assume that (i) is the 
case. In case^ii) is the case, the proof will be similar. 

In view of contains and contains only type (1,3) 

occurrences of a , Because z(i) is in 1, for all i > 0, 

z( 2) must be in 1. Now, z(2) has a segment of a ffl of length 

at least n'.q+l. In view of lemma 2.3.1 (f), there are atleast 

n-l more segments of a rm and atleast n segments of b rm , each 
of length atleast n’.q+l. Note that In z, there are exactly 
n segments of a and n segments of b rn , each of length n'.q 
and the occurrences of symbols in these segments are of 
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type (s',j) for different values of s', 1 < s' < n. Also 
note that the smallest value that q can have is 2. Nov/, it 
is easy to see that if the statement s 2 is not true, then z(2) 
has not got at least n distinct segment's of a rffi and atleast 
n distinct segments of b , each of length atleast n'.q+l. 
this is a contradiction. 

Hence the result. 

Q, E. D. 





AEPEEDIX G 


This appendix supplements the proof of lemma 2.3.4. 
Here , we show that the language !?„ £ £ \ (defined 

* _ ^ u - i-i ? • • • » .> -j > 

in section 2.3 ) is in Qj n -p > wnere n > 4 k > 2, n' > n 


and 6~ 


4| s ♦ • * 


■n~l * 


to show that 1 / a B ^ is in 2 )’ 

v n j >.j ? ... j i -j ^ \ ~ s f j 

We shall construct a (n,cr,2)CG G such that G generates 


- \ , where n > 2 S k > 2, n’>n, 
In view of Cor. 2. 2. 1.1, it suffices 
A x is in (B^ _ 0 n . 


the language if p £ \ ,with the help of the sample 

V| • i >n~ 1 

(n,<r,2)CG (see the proof of Theorem 1.1.1). 

G = ( Vjjj V T , 1 , ( S) ) , where 

Vp = -j^S, . S' , , S^jC jAjB^ ^ ,B 12 ,B 21 ,B 22 , . . . » ^(n-l )! 5 


(n-l)2’ 1 


B-i , • ..» 3 n _v D v • • * » ^n' 5 E 1 ’ E i 


G^ , ... , &xi'-3’ H 1 ’ * * ‘ 5 H n-3 ) 5 
V T = j a ± . 1 1 < i < n-1 , 1 < j < 2| j 1 1 » • • * > S n j (j 

jg i3 |l < i < 1 < ^ < n ')u[sl 3 h ■< 1 n ’ 

1 

1 < i < n'| , ana 

P comprises of the following productions. 


1. s - (S ! g is ..., S‘g :a ), 

2. S' -(S 1 S 2 ) n , 

3. s’ - (S 2 ) n , 
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4 . 

s 1 - (cs^ 11 , 


5 . 

S 1 - (C) n , 


6 . 

S 2 - 


7 . 

S 2 ~ < D iV n ' 


8. 

S 2 - (jD 1 G 1 ) n , 


o 

J • 

V^i 5 ni)* 1 i 

n’- 4 , 

10. 

G n'_3 "* ^■ D n , -2 I) n'-l^ ? 


11. 

& i ^ ^i + lW"’ 1 * ^ 

n’- 4 , 

12. 

C - (D^) 11 , 


13 . 

E i - (Vi + i) D « 

n'_ 3 , 

14 . 

■ f n--2 ^ ( D n--1 D n‘)^ 


15 . 

D i ^ s li Ag 1i ? •**» g ni Ag : 

ni) ’ 1 1 ^ n ’ ’ 

16. 

A - (B^)*, 


17 . 

H i ^ ^i+lW** 1 i 1 ~<~ 

n -4 5 

18 . 

H n _3 ** <WW*’ 


19 . 

B i ^ B i1 B i2 5 ^ a i2 , ' 7r i2^ ) ’ 

..., ( a in 5 ~^in) ) ’ 

where , 



(i) if i = 

1 or i is in ^ , and 


(a) 

if j is in ^ , then a — 

= B. . B. n and 7 T . 
ll i2 ID 


identity permutation, and 


1 < i < n--i 


is an 





, . r ) a 

(.d) if 3 in •: 2 , ... s nh is not in c, , then 
^ J 

a i0 = B i2 B i1 and ^ij = r2,i'J 5 and 

(ii) if i in -(2, . .., n_l"l is not in , then locate the 
production: B - K ) , (p n , V)), of the sample 

o, i v £ n _ ^,2)CG where 7\^ is a, non-identity permutation 

(notice that there is only one such production) and 


(a) if 7s! is an identity production then a- ■ = B. .B. 


ij 


and 7\. • is an identity permutation, and 

X J 


(b) if A'! is a non-identity permutation, then 
J 


a 


1 D 


B i2 B i1 

and 

^i-5 = [2,1] , 

20. 

B n - 

(a i1 B i1 B n) n ’ 1 ^ 1 ^ n - 1 » 

21. 

B n - 

( a i1 b i1^» 1 < 1 < n -1 » 

22. 

B i2 ~ 

( ‘ a i2 B i2 B i2' >n ’ 1 i 1 i ru1 > 

23. 

B i2 - 

(a i 2° ±2^ n ’ 1 1 1 < n -1 • 


ana 


ii i2 


Observe that G is an (n,cr,2)CG and 1(G) is the language 






APPENDIX D 


This appendix supplements the proof of Lemma 2.4.2. 

t 


Here, we show that the language L^ n £ ^ (defined in 

section 2.4) is in C y ^ n tT p) t where T ~ ^ > • ••> in_1' 

We shall construct an (n,er,k)CG- & such that & generates 

t 

the language L^ n £ k ) , Toy modifying the sample (n,^-,k)CG 
(see the proof of Theorem 1.1.1). 


let &* = (V^ s 0 , P*, ( S 1 ) ^) , he the sample (n,'T,k)CG. 
G- = (Vjj, ^a.j » * • • ja-^rTo^jg^ y • * >&n-] >^n1 ’ ' * * 


5 S-ln ' 5 ®ln'’ **•’ ®nn' ’ §nn'’ §-]>•*• j&rw 
n 


s, (s) w ), 


where and P are constructed as follows: 

( a ) = ^N ‘ K -i ’ w ^ ere 

% = <;A,S,S’,S 2 ,S 3 ,c]U 

l ~ ■' • ) 

]& i j 1 < i < n’-3 VU 

^il 1 < i < n T -2^U 

c h 

{ D j_i 1 < i < n’ H.j fB ± i 1 < i < kj>. 

(To) P = P% to start with. 

Add to P the production: 

A - (B r ..B k , ( a2 ,^ 2 ),...,(a n ,n :i) . 15here if 1 is ln 
t , -then a. = B . ..B k , and W is an identity permutation. 

and if i in ^2 s ...,n^ is not in i 1 , then a ^ - B te k ( 1) * * B 

and 7^ = % 









Finally, add to P the following productions: 


1. S - (s'g^..., s'g n ), 

2. S’ - (S 2 S 3 ) n , 

3. S' - (S 3 ) n , 

4. S 2 -> (CS 2 ) n , 

5. S 2 -> (C) n , 

6. S 3 - (D^ 21 , 

7. S 3 - (D^g) 11 , 

8. S 3 -> 


9. 

G. 

l 

- (D i+1 5 1+1 ) n , 1 < i < « 

'-4, 

10. 

V 

-3 (■ D n , _2 :Q n , _4 , 


11. 

S i 

- 1 * 1 ^ n '- 

-4-, 

12. 

a 

- (D^g 15 , 


13. 

E i 

- 1 i 1 ^ n! - 

-3, 

14. 

V 

' -2 * 


15# 

D i 

"* i’ * * * ’ 

1 < i < n' , 

16. 

B. 

1 

- (ajBbpg 1 < i < k, 


17, 

B i 

- (a 1 b i ) n , 1 < i < k. 



Observe that L(G) 


is the language 







appebdix e 


» 

In this appendix, we prove Lemma 3.1*1* 


Lemma : 

let M = (Q, 2, P , 5 a , 5 C , C, q. 0 , Z Q ,. V E ) » be a 
xiGCA. If f° r some in Q» 13 2 1 > and z 2’ Z f in 

■ 

( q_, w, aZ^ 't'" Za’ , 0) 


n 


r- {v ^ R - 


J— * (q. 1 , w, aZ^ . ...* Z^Z'fcc 1 , 0) , 


in x moves, where Z 1 Z are in \ , then x t. 

Proof : 

Yfe prove this hy induction on o* 

Suppose t = 1. f hen, clearly x — 1. 

How, suppo se for t < k, x = t. Assume row that 
t = k+1. let us consider the first move. Because of this 

move, let 

(q_, w, aZ^^Za , 0) 

Cq v w, aZ 1 Z i ^-Z i2 ...Z i ^Za', 0) , 


where m 1 » Clearly ,2 ■'■•j ' m 


-1*1 f * • • < V ~ " b ‘ 

Using the induction hypothesis, we have. 
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(q. w ctZ,Z. 4^Z- . ..Z Za' , 0) 
1,5 1 ' x 2 x ra 


a* 


: -(q 2 , w s aZ 1 Z i . ..Zi _ 1 Z i /j' Z ± Za' , 0) 

1 2 2 


in moves ? 


( q m _i, w, a z 1 • ■ • z i m _ l f \ Za ’’ 0) 

w, a V---\_ 1 , "\ r 1 Z i m t' Za '’ 0) 

in i m — ± m _ ^ moves, and 

(q m , w, aZ 1 ...Z i /j^Za', 0) 

| ( q ' , w , aZ-j . . . Z - . . . Z t Z ^ a ' , 0) , 

"m 

in t-i^+1 moves. 

Thus, 

(q, w, aZjfza, 0) , 

j-^-(q', w, aZ r ..Z t Z‘f a' , 0) , 

•in'! j. i i 4 -i i + + i _i ^ + t-i+1. moves i.e. in 

m 1 + 1 2~ ± '\ +1 3 2 •'* m m -1 m ’ 

t+ 1 + 1 _i 1 = t +2-2 = t moves. 


Q.E.D 





APPENDIX P 


In this appendix, we prove statement (2) ma.de in the 
proof of Theorem 3.2.1. It should be read in conjunction 
with that proof. 


lemma: 


i. , i. is a terminating sequence of productions 

^ D 


in G-' iff 


(q.n» w > 


1 0’ y ' Z i i^ Zy ’ °) 

Iff- (l 0 , w, y’Z^. 

j > 1 and Z - , Z are in f 7 . 

1 


. Z- zf'y, 0), where 




Proof: 


let A he the left hand side of the production i^ and 


let (A) n (x, , xj by a leftmost derivation using' 

G 1 

the production sequence i^ , . 

only if 

let j=1. This implies that there is a production: 

A -* (x . .... x ) in P' and from the construction of M, we 
in m o 

then have: S a (q 0 , Z ± ) = j (d 0 » e > 0) V , and therefore, 

(Iqs w, y’Z^f Zy, 0 ) 

w, y-z 1 zfy, 0) 
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Again, suppose as an induction hypothesis that the 
'only if’ part of the lemma is true for 3 _< A. 

how, assume that 3 = lc+1 . Either ( i) or (ii) can 
be the case: 


( i) i , the first production used in the derivation 
is the nonterminating production: A — (B) . 

We observe that in the derivation, B will be expanded 
using the production i_. From the construction of M, we 


then have: 


. ( v %' 


) = (q., Z, , 0)V, so that 


y'Z i ,|>Zy, 0) 


1^* (l 0 , w > y' ^i A-Zy, 0) 


how, from the induction hypothesis, it follows that 
(l 0 , w, y' Z ± Zy, 0) 

[ ~ (l n j J'Z- . . . Z j y, 0) 

0 “-1 Tc +1 

(ii) i , the first production used in the derivatioi 

■Q 

is the nonterminating production: A -*■ (BO) , for some B, C 


in Y^. 


We observe that in the derivation, B will be .expanded 


using the production i ? . Let C be expanded using some 
production i s 'This implies that (B) ==> (x^ , x^) , 

x’. , 1 < i < n, in vf, by a leftmost derivation, using the 

n * ,11 Ik 

production sequence i 2 , ... s i g _ 1 » ( G ) x n' » 

x!' , 1 < i < n, in Yrjt by a leftmost derivation using the 
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production sequence i , 

s 

1 < i < n. 


i., where f 
3 ’ x i 


?? 



from the construction of M, we then have: 

C 

f V Z if ’ fV Z ifi,’ 0) i ’ S ° ttat 

(qQ» W, y , Z i ^Zy, 0) 

j-Mf, w, y ' Z- Z. -tZi By, 0>. 

° X 1 2 ! ® 

Nov/, from the induction .hypothesis , the 'only if part 
of the lemma follows. 


if 

From lemma 3.1.1, we have 

(Iqj w, y'Z i ^Z y, 0) 

p-* (q Q , w, y’Z^...Z^Z'fy, 0) , in 3 moves. 

We will prove this part of the lemma hy induction on 
j (which is equal to the number of moves required, from 
above). 

Suppose 3=1. In that case, clearly 5 a (l 0 , 

^( qQ , £, 0 )l and so i 1 must he a terminating production in 
pi (follows from the construction of M) , so that ^ is a ter- 
minating sequence o^pnoductions. 

Again, suppose as an induction hypothesis that the 'if 
part of the lemma is true for j < 
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how, assume that j = k+1 . Either ( iii) or (iv) 
can he the case. 


(iii) In the first move, the rule used is 

5 a ( V Z i 


S a (q n > Z i.) = {<V %%’ 0) J ’ =° ttat 


L 1 


(q 0 , w, y ,z i ^zy, o) 

h~ (q. n , w, y'z. z. fz, zy, o). 

1 . o 1-1 x 2 ' n 

from the construction of M, we observe that the 
production i^ in P' must he: A — (BG)", such that the produc 
tion i and ^ have B and C as their left hand sides, respec 

tively. 


as 


Clearly, we can write, 



A ■ 
Z ± _Z { y, 


0) 





z. -t- Z, Zy, 0) 
x 2 ! 1 


w, y'Z i ...Z 1 *-Zy, 0) 

!?■*-( ? w , y , Z i . . . Z^ . . . _ Z sy, 0). 

lit] 

The ’if’ part of the lemma follows now using the 


induction hypothesis. 
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( iv) In the first move, the rule used is: 

Vv 2^) = [<v %> 0) }’ 30 that 

(Oq, W, y'zUr-'Zy, 0) 

t (l 0 , w, yz^ Ay, o). 

In this case, the proof is similar to that for case 
(iii), and is omitted. 


Q.E.D. 





APPENDIX G 


In this appendix, we shall essentially establish the 
equivalence between the class of ( 1 ,n,k) -coupled translations } 
k 2 2,and the class of translations defined by k-register 
n_pushdown assemblers (see section 3.3). This we shall do 
by proving theorem 1 and Theorem 2. 

Theorem 1 : 

If a translation T is a ( 1 ,n,k)-coupled translation, 
then T = T(M) for some k' -register n-pushdown assembler M, 
where k’ = k if k > 2, and k* _< 2, otherwise. 

Proof : 

let T = T (G), where 

G = (V N , Z U A- , P, (S) n+1 ), Z - Vny 

^ ~ ^ . .. i an (n+i k')CG in normal form 

2 n+1 ’ 

( see Theorem 1.4.1). 

let M - (Q, Z,A, Oq, S) , where the 

various parameters of the machine are defined as follows: 

Q consists of- the symbol q. Q and the finite set of 
symbols of the form q. a , where a is in Z U aI1(3 - ^ere 

is a. production in P: 

A -*■ (a , b ^ , . • . ) bjj) * 
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consists of: 


(a) Symbols in Vjj, 

(b) Symbols [a, 7V , a 2 , . . . , 7\ J , where a is in V 

there is a production: A -* ( X , ( p , 7\j), ( p n , ^ n ))j in 

P, and a is a suffix of o . 

. . r 1 

(c) Symbols [a] , where a is in £ . 

We define /\ , Jl, V by: 


1 . Suppose A -*• (a, ( ^ , 7^) , . . . , ( p n , ^ r n ) ) , is a 
production in P. 

If a is in yJ - { £ } ’ then 

(i) ACIq, e, A) contains (q Q , [a, ^ > ^2 ’ • • • ’ ^ * 

If a is in £ U |e*j , then 

(ii) Ji( qQ, £, A) contains (q. a , ( P 1 , l), (P 2 s1 ^’ 

• • • 5 ( 1 ) ) 5 

(iii) ?\(q. , A ) contains (l 0 , La]). 

2. (i) >(v a, |>]) = {(v [e])}- for all a In Z, 

' - 1 

(ii) >Cl 0 ’ 6 ’ 1- £ D = | ( V £) j * 

3. ( i) e, [A a, , '^2 , 



( ii) 2^ ( 1 q i 6 » |_a, A ^ > • • • » ^dn 1 y 




ia, 1 < D < 
J 


is! * 
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is equal to 7C (m-j a| ) if is a permutation on m objects. 

J I 

( j a| denotes the number of symbols in the string a). 

(iii) ?l(q 0 , e, 15, 7T, T'y, 7g] ) = j(q 0) e)}. 

We s ha 11 - no w prove t hat 

(V w, A(t 0 )“, I Q ) |^- A’ 6 > (x 1> •••> X n )} ’ 

where t = (0) m and I Q = (0) n 


0 
iff 

(A) 


n+1 


(w s « • • 5 X^) 5 


G- 

for any nonterminal A, w in 2* and x^, 1 < i £ n, in A . 

Prom this result, it will immediately follow that 
T(M) = T 1 ( G) . 


if 

We will prove the result by induction on the number 
of steps used in the derivation; 

(A) => « . . => (w, xu , • . . j x ; . 

G G ‘ 

The one- step case follows directly from an application 
of rules l(ii), l(iii), 2(i) (zero number of times or ju/st 
once), and 2(ii). 

Assume the result for less than j steps, j > 2, then 
the first step in a j step derivation must be of the type; 
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(A) 


n+l 


G 


( A ^ . . . A m , (A'l ( 't'l • * 7T rm> 5 A -l)> ••• 


. . . , (A 


1 'A“ 1 ( 1 ) * * /^(m) ’ 1 


n v 


By rule l(i), we know that 


(4 n > "'> A (^) n . t) 


"0 


hr ; v w ’ Cv-V^v ..., ?vj(t 0 ) n , i ). 


We can write w 


w 1*** w ir. ant3 ‘ 


x j_5 1 <. i < n, as x ± = x^ ... x^, such that 
(A.) n+1 (w. , x 


i’ A 7^(1)’ ^7v 2 (i)’ ’ X 7W n (i) 


,0, 


for each i. 


Thus, by the induction hypothesis, 

(#): (l 0 » w ± , A i (t 0 ) n , T q ) 

t ( V £ ’ ^^.(i)’ **•’ x 7T ( i ) ^ * 

1 V 7 n v ' 

Using rule 3( i) , relation (# ) and rule 3(ii) m 
times, then rule 3(iii), one can easily put together a 
sequence of moves of M -which demonstrate that 

( 0.Q s , Z Q i u q) j -^-q) 

ll” (u 0 , e, 0 s Cx 1 , , x n )) 

only if 

We will prove by induction on the number of moves 


made by M that if 
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(q 0 > w > A ^ 0 )n ’ V 


hi" ( in ’ 0 s ( x -i> * * • » x ) ) 


then 


"0 


(l) n+ 1 (w 5 x 


n' 


1 


5 x r) ’ 


2he result is true vacuously for* fewer than three 
moves. Suppose it is true for less than j moves. For a 
sequence of 3 moves, the first move must he due either to 
rule l(i) or l(ii). In the latter case, the subsequent 
moves of M are completely determined by rules l(iii), 2(i) 
and 2(ii). Moreover, by l(ii) there is a production: 

A - (w, , . . . , x^), in P. The result we desire follows 

in this case without reference to the hypothesis. 

If the first move is due to l(i), we can express the 
subsequent operation of Mas: 

(do’ w i*** w m 5 td- 1 — A m’ "^1 5 — ’ ^01 ’ '“ 5 ^On^ ,T (P 

hr (Iqj w 'i.** w m > A i 1 ’ *'*’ IJ 0n^l- A 2* * ‘ ’ 

^ 1 ’ * ‘ * ’ A J (t 01 ’ * • * ’ t 0n^ 5 T (P ’ 

CIq? w 'i*** w ni’ ’ *•*’ "^on^ C A 2* * ‘ A m ! ^1’ *•* 

♦ • • > 1 (t Q1 1 ^on^ ’ V 

hr (v w 2 *'* w m’ S- A 2** ,j Sa’ ^1’ ■*' * ’ *" 

* * * 9 °Q n ) 5 (^-| ^ , • • • ) X^) ) , 
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( Q.q 5 Wp . „ . 5 Qi.p • • • A. 


m- 


hr U 


Mi 2 


w„ . . . w_. 


7^ » . . . j 75^1 ( "^g -j » • * • 

* * * 5 ^o n ) » ('*-'] -]■»• • • • j ) 

t A 2* * *1 » • • • ^ A'J (t 1 1 , . . . 

* • • ’ t ln ^ 5 V ’ 


( q Q , w p . . . w b , [A 2 . . . A m , A, , ..., Aj(t 


11 


• * * r t 1ri ) » T 0 ) 


Nt^o’ w 2‘** w m’ A 2^01* 

. . . A m , 77 , . . . , 7T] ( 1 1 1 , . . . j t 1 n ) , T Q ) , 


( V 


w m s V 15 


01 


' 5 t 0n^ e ' * * • » ^ l( t ( m -i)i * *• 


t, 


' * ’ u (m-1)n^ ’ J '0^ 


Nf<V e, lt,K v 


* * * J ^(m-l)n^ 5 ( x m '|s>**’ 5 ^ ) > 
( Aq .« S , JjS , TT. , ..., 7^ j v. h (• m _ -j % -j ? 


‘ * * * ^(m-l)r^ 5 ;X ml ’ •**> x mn'*' 1 


Nr ^ q 0’ £ ’ N°’ 'V *** 5 » V 

( q 0 ’ 6 ’ t? » ^1 ’ * " ’ ~^ri ] ^ml 5 ? 


Nf ( c 3-0 » ^ Xj ]> •••» X-jq) ) 5 
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here t Qi - (0)^ and t gi is with x gi replacing 0 in 

the ^ i (s)-th position, 1 < i < n, 1 < s < m. 


The initial move of M implies that P has a, production: 


A - U v ..A m , A^ ( 1 ) ...A£ (m) , A^ (l) ...A^ (m) ) 


n v ' ' ' n 

Sy the induction hypothesis, the above sequence of 
moves of M implies that 


(A.) 


n+l 


G 


^ w i 5 x ii J ***» x in^ 5 


for all i, 1 < i < m. 


Putting the above together we can easily show that 

(A) n+1 => (w, x. , . . . , x ) 

G 1 n 

Q.E.D. 


to prove the converse of the above theorem viz. 
Pheorem 2, we will need two auxiliary lemmas. 

Lemma 1 : 

Every translation defined by some ^-register n-push- 
down assembler M', is defined by a fc-register n_pushdown 
assembler, 

M = (Q, Z,A , F, > , i), 0 0 o Z Q ), for which if 

^\(q, a, Z) contains (p, a), then | aj <2. 
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Proof : 


let M' = (Q\ S,&,f‘ r , X , , )J , q Q 

Por each (p, Z^.-Z^j in ; A r (q, a, 
introduce nor states q 1 , c^, ..., q m _ 2 to 
(p> ^ f~ o;m X ( 1’ a ’ 2) and replace 

Define 


, v- 

Z) with rn > 2, 


Q. Remove 

it by (q Z , Z ) . 
J ^-1 ’ m-1 nr 


e > W - {<w ViliW} 

for i = 1,2,..., m-3 , and 

r / . c ? 

/- 2 5 ^ ~ | (p 9 Z^ Zg) f » 

After making all such replacements, Q is the resulting 
set of states and /\. the result of making these alterations 
in ;n ' . 


The validity of the result is now easy to see. 


lemma^ 2_: 


Q.S.D. 


Every taxation defined by a k-register n- pushdown 
assembler M', is defined by a k-register n-pushdown assembler 
M, which satisfies lemma 1 and has the additional property 
that if it erases an entry in its pushdown store, then that 
entry has no empty registers associated with it. 

Prpo_f 

It will be observed that for a k-register n-pushdown 
assembler, at any stage of computation, at any level, the 





255 


number of registers which are filled in each set at the 
level will be the same. This is because the only ma.ppings 
which cause the registers to be filled are ,/( and }) , and 
on any move one register from each set at the' top level is 
filled provided all these registers a.re empty. 

Eow, let M' = (Q',Z ,/\, P r , iJtS j) 1 , q. Q , Z Q ) , 
and assume that M ! satisfies lemma 1. M will simulate M', 
but in addition, in the control symbol of each entry in the 
pushdown store, M will keep track of which registers in each 
of the n sets of registers associated with that entry, are 
empty. If M' erases an entry, M first stores S in each empty 
register. 

formally, let M = ( Q 1 , 2, A , P, % ,JU , £>, q Q , [Z Q , (0) n }) 

let K = , ..., k V and 

r 7 = (S 1? ..., s n ) 1 j X is inp' and S ± , 

1 < i < n, is a subset of K j, 

Q contains the states of Q f and some new states 
which are introduced through the definitions of , and 
~l) , below. 

for all q and p in Q' , a in 2 U j£j f x, Y and Z 

’ T 

in \ 7 ' , S i5 1 < i < n, subset of K: 

1. If /\’ a > Z) contains (p, Y) then ( q. , a, Qz, 

( , • . . , S.^)^ ) contains (p , j^Y , ( S.j , S^)^J ) • Zf 

^'(q., a 1? Z) contains (p, XI) then ^(q, a, £ Z, ( S 1 , ... 

..., S n )]) contains (p, Q X, (0) n ] (j, ( S 1 , S n )] ) . 
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( M kee Ps 'track of full registers at each level when 
manipulating the pushdown store). 

2 * a J z ) contains (p, G) and S ^ , 1 < j < n 

ID 5 ' • * ’ Yni \ bG K_S i * Eor ' fchis ^ S i ’ « • • » S n ) , intro- 
duce to Q new states q^, c^. Let 

/tiiq, a, Qz, I S.p . . S n )|) contain 

(l-|j ( 6 , i^), . (6, i^ n ) ) , 

U v e, [z, (S 1? s n )]) contain 

(q 2? (6, i 2 l)» tpn) ) » 

( 3 m _-| s Qz, ( S n )l) contain 

^ Yu ’ • * • ’ Yii^) ) j arj d 

/\ ( Yd » [Z, ( S 1 , S n )D contain (p, £). 

If each 3. , H i < a, = K, let 
/\(q, a, jjZ, ( S n )"] ) , contain (p, £) . 

(If M f would erase an entry that has empty registers, 
these registers are filled with £ before erasing). 

3. If i i is not in S, , 1 < t n 5 anl , ( a , a, z) 

cJ cJ 

contains (p, (w 1 , i.,), (w n , ± n ) ) , introduce to Q a new 

state . 
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lest /Kg., a, [z, ( , . .., S n )[] ) contain 

{ V &> < s i U{±i 5 , ..., s n 

A ( V e, [ Z , ( Sl U{ii v ..., s n O {i n \D 

(P, («,, g ) » .... (w n , i n )). 

(if M' stores output strings, M updates the set of 
full registers). 


and 
conta in 


4. If i_j is not in 
contains ( p , ^ i^) , 
let 2>(q, a, [z, ( S 1 , , 

and e, j~z, (S r ... 

’ * * ’ S n ! -7 ^n})] ) • 


1 < D < n, and 27(1, a, Z) 
introduce to Q a new state q^ . 
S n )]) contain (q^ ^ ±n ) 

, S n )I) contain (p, [z, ( s i ij 


()Yhen M« transfers the contents of the waiting regis. 
"ters i.e. the result of the erasure of the entry above, M* 
also updates the set of full registers). 


Q.B.D. 


Iheorem 2 : 


If a translation T _ T(M) for a k_register n-pushdown 
assembler M then 1 = T^(G) for an (rw-l,k)CG G. 

Proof: 


let M = (Q, Z, A , T, > Ji , i) 


l 0 : 


Z Q ) * 


Assume that M satisfies Lemma 1 and lemma 2. 
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G - (V V T U... , P, (s) n+1 ), 

1 n+i 

where = 2, (J ... {JY^ = A , Y^ consists of: 

1. The symbol S, 

2. a symbol [q, Z, pi for each q and p in q and Z 
in I" 7 , and 

3. a, symbol < q, Y, p, z, i^ , i^ > for each 

q and p in Q, I and Z in f 7 , i 1 < j < n, < k, 

J 

and P is as specified below: 


Ihe idea is to let the symbols [q, Z, p] and 

< q, Y, p, Z, i^ , i n > contain the following informa- 

tion; 


for x in Z* and y 1 < j < n, in A*, 

(Ql» z , p]) 

iff 


n+1 


* 


G 


^ > y 1 , ■ • * j yp 


(<1, x, Z(t 0 ) n , I 0 ) 

t(p» e ’ 0» (y 1? •••, y n )), and 
(< q , Y, p, Z, i 1 , . . . , i n >) n+1 

o_ ^ > •**» Yjj) 

iff 

(q, x, Z(t r t K ) s T q ) 

* 

fir G 5 *• • • » ^ n ) » (y»p •••? y n ) , 

% 
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where t^ = (0) y = (0) n , the i^-th component of t^ , 

1 1 D 1 n, is 0 and t_. is t,. with yn in the j-th register 
of the set of registers represented by t . . 

T'he productions in P are: 


1. S - ([q QS Z Q , p] ) i_ ’ r1 , for each p in Q. 


(This is to ensure that 


& 


^ ( x ? y i » • • • ? y n ) 


such that ( V x , Zgtyi T 0 )(|-(p, e, 0, (y,, yj)). 

"l 


•0’ "O' “O' ’ "O' »M Jvj, 

2. Suppose TC, , . . . , 7^ are permutations on k objects. 


If for cl 1? 


9' 


•k+1 


p in Q, Z 1 , , . . 


'k+1 


in P , and a in 
2 U /l(q k+1 , a, Z k+1 ) contains (p, £) , then 

Z 1 5 ^1* * *^k a ’ ^ 7^ ( 1) • • 7^ (P;) 5 . . . 


(A 


X (-1) 
n' ' 


*'* A A n (k) 


^n»> 


where A..,' 1 < i < k, is the symbol 

< Ppj Zp 5 » z i+-| > ^(i)> A n (i) > • 

(ihese productions express ways in which a.n entry 
can be erased from the pushdown store after its regis- 
ters are filled in some order) . 

5. If /\{q, a, Z) contains (r 5 Y) , then P contains 


d q , Z, p ? X, ... ? i n y 

■* ( a < r, P, X, i 1 , 

i 1 » * * * 5 ^n ' 


* * 5 x n >J < r ’ Y ’ P» x : 

. , < r, Y, p, X, 

P -J » • • . y ijj y) , 
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and 

< p , X, r, Y, i 1 , . . . , i n > 

(”C p, X 3 o, Z, i-j? • • » j 3 - ^a, d p j -A- 5 Q. » Z , 

i 1 f *'•’ i n >5 **' J < p ’ X:> q -’ Zj ^ 

i-"7 - 7 -j 

for each p, q, r in Q, x, Y, Z inj . a in EUi’S\ and inte- 
gers x 1 , - • * » i n - 

(These productions represent moves which do not 

involve registers or alteration of the number of symbols 

» 

in the pushdown store). 

4 . If a > 2 ) contains (p, XY) and )J(r, b, Y) 

contains (s, i^, i n ) , then ? contains the productions: 

< 1 > 2, s , Y , i 1 , i n > 

(®- jj? j X 5 rj b 5 j~p , X , rj , . . . , jjg , X , r| ) , 

for all p, q, r, s in Q; X, Y, Z in f 7 , a and b in E U jV j 
and integers 1 1 , . i. a . 

(These productions represent the situation in which 

M increases the number of symbols in the pushdown store, 

and when the new level is erased, transfers the contents of 

the j-th waiting register, 1 .< 3 < n, to the i.-th register 

J 

of the 3-th set of registers, of the new top level). 

5 . If A(q, a, Z) contains (p, (w^ .i ) , (w^, ± n )) f 


then P contains: 
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<0.5 2 ! P) 2, , . . . i n > ( a 5 

for any p and q_ in Q, a in Z 
in A* and integers , . . . , i^. 

It is easy to prove by induction t 
(the proof will be omitted) : 

(a) ( [_o , Z, p 1) K+1 ==> (x, y r . 


vi' 1 , • • • 5 vv^) , 

5 , 1 < 3 < n , 


he following 


y n ) 


iff 

(ij x, z(t 0 ) 5 1 q ) (p, 65 0? ( y -j s ■•*5 y n )) > and 

(b) ( <q_, Z , p, Y , i-j , i n >) ( x ’ • * • » Np 

iff 


(q, x, Z( t ^ , ... 5 t^) , Iq) 

j ( p , s , y ( t ^ , . . « , t p ’ ( y -j j • • • ? y n ) ) 5 

where x is in Z*, y . , 1 <. j <. n, is in A , t^ = (0) , 

T = (0) n , the i.-th component, of t . , 1 < 3 < fi, is 0 
U J J 

and t'. is t . with y. in the j-th register of the set of 
3 3 3 

registers represented by t .. 

Now, from production (l) a.nd statement (a) above, 
it follows that T(M) = T^(G). 

Q.E.D. 





APPENDIX H 


In tills appendix, we stall give an algorithm which 
tests whether the language generated by a given nCG 
G- = (Yjj, Y t , P s (S)“) , contains 3. 

Algorithm ; 


We construct set; 


'* 0 ’ 


recursively as 


follows: 


9 


1. Let N Q = | A | A - (8) n , is in P \ . Set i = 1 . 

2. Let IP . = | AjA - ( a 1 , ( a 2 , A ? ) , . . . , ( a^, 7P n ) ) , 

is in P, where s 1 <. D < n, is in 

3. If ^ -] ? then set i =.i + 1, and go to 

step 2. Otherwise, let N o = IP. 

O -L 


4. If S is in N , then £ is in L(G-). Otherwise, 


£ is not in 1(G). 





APPENDIX I 


In this appendix, we shall prove that the Parikh 
mapping of an n-coupled language is semilinear. Before proving 
the result (lemma 1), we shall give a few definitions including 
that of the Parikh mapping (Definition 2). 

Definition 1 ; 

let N denote the non-negative integers and rf 11 the 
cartesian product of N with itself m times. If x = 
and y = (y^..., y m ) , are in #, then x+y = (x 1 +y 1 , . . . ,3^+y m ) » 
and c(x^,...,x rD ) = (cx^ , . . . , cx^ , where c is in N. A subset 
Q of N‘ a is said to he linear iff there is an integer k > 0 
and members v Q , of N 331 such that Q = £xjx = v Q + n^v^-K .. 

* • * +n k v k wilcrG ' ttie n p’s are non-negative integers. Q is said 
to bo semilinear iff Q is the union of a finite number of linear 
sets. 

Definition 2: 

f a , * 

For an alphabet V =ia 1? . . . , a m ) , "the mapping f of V 

into F 331 , defined by, 

'f'(z) = (£ (z), ..., £ (a)), where z is in V* and 

a 1 m 

(z) is the number of occurrences of o.^ in z, is called the 

a i „ . ' . 

Parikh mapping . For a language 1, the Parikh mapping is 

^ z) | z iB , in 1 j . 






Lemma 1 : 


Lor any n-coupled language L, the set '^'(1) i.e. the 
Pa rile h mapping of L, is semilinoar. 

Proof: 


Let G- = (Vjj, Yrp, ?, ( S) n ) , be an nCG in normal form 
such that L = L(G-) . 

let be a subset of - ) S \ and l' -a. subset of 1 

V '- -J 

consisting of all those sentences whose derivations involve 
nonterminals which precisely comprise the set % U{s^ - V 
Obviously, it is enough to show that ^ (L ') is semilinear since 
L is a finite union of such L . 


Assume that the set U_ contains s elements. In what 

o . 

follows, we investigate the n_ derivation trees in G. 

Lot H be the set consisting of strings z in Y^ which 
are results of n_derivation trees in G such that the following 
conditions are satisfied: 


(i) r -^he n-nodcs are labeled by elements of U Q and each element 
of U o occurs at least once as a label; and (ii) there is no n_path 
containing more than s+l n-nodcs with the same label X. Clearly, 

H is a finite subset of 1 . Yo define, 

C* i 

= 1 YU) I x is in H V. 

Again] for each Y in U Q , let 

1. Notice that because of the way we have defined an n_derivat jem 
tree in G (see section 1.3), the label of the n-root of an 
n-de.rivation tree T in G cannot be different from S, and the 
label of every pendant node in T has to be in Vj . This 

is the reason why 1 T I will be defined in a somewhat awkward 
manner. 
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T >, ’oe an n- tuple of trees such that: 

^ = < T^ , . . . , T- >, is a subtree of an n-deri ration 

tree in & rooted at an n_node labeled Y. 1 lT, 1 < i < n, gets 

Y y 

formed from T^ s by deleting a subtree in T rooted at an n_node 
labeled Y. (Thus, one pendant node of ^tT 1 < i < n. has the 

l 1 — — J 

label Y and all other pendant nodes have labels from V^, and 
the label of the root of %'T is Y)^. (ii) . There is- no path in 

1 y 

T i» 1 1 i < n » containing more than s+1 nodes with the same 
label X. 


let By = ... a^, where a ± , 1 < i < n, is the result of 

T^. Clearly, because of condition (ii) * as above, By is a 
finite set. for 5 in we denote by Yes) the string obtained 
from 6 by erasing the occurrences of the symbol Y. We now define 

H 2 = is i:n H Y f° r some Y TjT 0 ^ • 

Thus, both and are finite sets. Assume that 

r y~ 

H 1 = j^1 , * . * , h a j ’ H 2 = { k 1 » * • * » 

Denote by K i , 1=1, ..., a, the set 


r 


in + 


p 

E 

3=1 


x.k. j x. > 0 , for 3 = 1 

J J J 


and let K be the union of the sets k. . 


1 . Bote that y/hen a subtree rooted at an n_node M = <M.j , . . . ,M n > 
detailed from an rude ri vat ion tree T = < T^ , . . . ,T ;a > in G so 

" 1 ml m ’ T^>, the 


as to form an n -tuple of trees, T‘ = <T^, 
node I/L , 1 < i £ n of T^ still remains in T^. 




is. the. -s-et SvAch H 


Y 


• • • 5 
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By definition, K is semilinear. To prove Lemma 1 , it 
suffices to show that 

T'u') = k . 0) 

We will prove that each side of (l) is included in the other. 

Assume that v is in K. If v is one of the vectors hn , 
then hy the definition of the set H , v is iny(H), and con- 
sequently v is in y(l'). Proceeding inductively, we assume 
that 

v 1 is in K r ! VT B ' ) (2) 

and claim that 

v = Wl + , is in ytl') ( 3 ) 

where 3 , 1 < 3 < p, is arbitrary. By the definition of H 2 , 
there is a symbol I in U and a string 6 in Hy such that 
hq = V r ( ^(6)). Since 5 is in Hy, there is an n- tuple 
of trees 1 j T Y = ..., "*1^ > , with properties specified 

above. Furthermore 6 = a^.-.c^, where , 1 < i < n, is the 
result of Y occurs in each a± exactly once and « i contain- 

no other nonterminals. The nonterminals occuring as node labels 
in each 1 < i < n, belong to U q . By (2), there is a sentence 

x in L with v^ = ”V r ( x ) and a derivation ( S) =gy = ' > »• • * ,x n^ ’ 

such that x = x^...x n , and the associated n-dcrivation tree T 
has exactly the elements of by as labels of the nonpendant 
nodes of each tree comprising it. Hence, there is an n— node 
M = <M , ... , M > in T* labeled by Y. Wo 'imbed 1 the tree 
"'tT, 1 < i <_ n, in place of the node My. The resulting 
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n-dorivation tree 1 T ’ ' gives as a result (of l") a sentence 
x' in l' such that 

^(x 1 ) = fu) + y^^(6)) 

= v. + k. = v 
1 0 

Consequently, (3) holds true and wo have completed the 
induction. Hence the right side of (l) is included in the 
loft side. 

Conversely, assume that v is in ]^(L ). Thus, there is 
a sentence x in 1* such that v = ^(x). ^et T = <T^, ..., T n > 
ho the n-derivation tree of x in G-. 3y the definition of 1 , 
we assume that exactly the elements of U q occur as labels of 
the n_ nodes of T. If there is no n_path in T containing more 
than s+1 n-nodes with the same label, then x is in H. This 
implies that v is in and hence v is in K. 

Thus, we assume that there is an n-path in T containing 
atlcast s+2 n-nodos with the same label X. ¥0 choose s + 2 
n-nodes = <G jL1 ,..., & in >, 0 < I < s + 1, with the same label 
X in such a way that ( i) for each i = 0, s, & i+1 is in the 

subtree of T rooted at G_. , and (ii) there is no n— path containing 

1. Remember (from section 1.3) that the only role of permutations 
associated with an n-node M = <M^ ..., M n > , of an 
n-derivation tree in G is to specify the correspondence 
between the nonpendant direct descendants of 1L, 1 < i <, n. 
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G. 


moro than s+1 n-nodes with the same label in the subtree 1' "* 
of T rooted at G^ . There is a number p, 1 < p < s, such that 
the seme nonterminals occur as n-nodo labels in the subtrees 
I p and T p ' 1 of T ? r>oted at the n_ nodes G and G ^ , res- 
pectively. this follows because there are atmost s nonter- 

G, 

minals as n— node labels in T . and at loo. st one nonterminal 
as an n-nodo label in T 0+1 (the subtree of T rooted at the 
n-nodo G g+1 ) . We now form a now n-clori vation tree 2 T in G by 
replacing in T the subtree rooted at G p by that rooted at 
G 


1 m * 


1 m ' 


p+1 * Denote by ‘T = 'T^ > , the ordered set of 

& Gr & Gr 

trees formed from T p as follows: let T p = <T p T p > , and 

G a ' a . in’ 


T 


p+1 


G 

T P+1 


G 

I P+1 


> 


„ < -i j • • • » - n 

G 1 G 


Tj_ , 1 < i < n, is formed 


from T. p by replacing the tree T. p+1 by the node &/ . N . . The 

- 1 - l V p +1 J i 

string ^ — p n , where pp, 1 < i < n, is the result of 
belongs to set H (by the definition of this set). Conse- 

-A. 

quently, if x' is the result of 2 T, we obtain, 


v = Y~(x) = VXx’) + 1m , (4) 

for some j, 1 < j < p, 

o 

Clearly, has fewer n_ nodes than T. If there is an 

O 

n-path in T containing more than s+1 n-nodcs with the same 

p 

label, wo repeat the procedure above for T and obtain an 
n-derivation tree T whose result is x' . The equation corres- 
ponding to (4) is now 


fu’) = yxx") + k 3 , , 
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where 1 < j* < p. Continuing in this fashion, we finally 
obtain an n-derivation tree where there is no n-path contain- 
ing do re than s+1 n-nodes with the sane label. Thus we can 
write v in the form 

v - i + x j k g’ 1 < 1 < a; > 0 for 1 < j < p. 

D ^ 

But this means that v is in K, and consequently the left side 
of (l) is included in the right side. 


Q.E.D. 





APPENDIX J 


In this appendix, we shall show "that the class of equal 
matrix languages of order n is the same as the class. of n-right 
linear coupled, languages (Theorem '1) hy proving lemma 1 and 
lemma 2. The proofs of lemmas 1 and 2 are similar to lemma 
5.2.2 and lemma 5.2.3, respectively, and so we shall only give 
the necessary constructions in the proofs. 


lemma 1 : 


/fr L C f 

n V ■ 


n 


Proof: 


let G = (V N , V T , P, (S) n ) bo an nRICG such tha.t S is 
not on the right hand side of any production*', whore 

% = , ; We construct an IMG -G of order n, 

such that 1(G) = l(G f ) , as follows: 

G 1 = (v‘, Vrp, P‘, S), where 

V’ = V T . U {< ..., B n > |B j _, 1 < i < n, 


is in 

and the rules of P 1 are 



constructed as follows: 


(a) . (i) |_S - A^ ... A n ] , is in P ! , 


1. It is easy to see that given an nHLCG , wo can construct 
an nRICG G such that 1(G) = !(&') and G satisfies: unis 
constraint. 
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x 


(ii) Por each production: 


(x.,A 1p , . ..,x n Ai p ) s in nP , 1 < p < k, 


1 ’* 


• j x n in 7 "r£ 5 

fl 


* t 

wo have in P the rule: 


1 


1 ii. 


n 


x.A. 

1 Ip' 


x^A 
n np 1 ; 


Cb) Par each production: 


^ x l A lp» *** 5 x n ii lp^ ’ 111 p : 


Ax 


1 < x, p < k s Xl , . , x n ,in V^, we have in P the rule: 


; i A 
;i lx 


I A nx 


x Ai P 


x n% 


(c) Par -each production: 


A 


lx 


(w., , ... 5 w n ) in P 


1 < x < lc s w 1? , w n ,in vj, wo have in P the rule: 


A 


ix - W 1 


aw -* , 

I nx n i 


(d) For each production: 

S- (w 1? w n ),inP, ...» w n ,in V T , we have m 

P 1 the rule: 







2 . 72 . 




"n - w n 


Q.E.D. 


Lemma 2: 


C ( fQ h 
n v: t/v 'n 


Proof : 

Let G- = (Y,I ,P, S) he an 3 MG- of order n. We construct an 
nRiiCG G- such that L(G-) = L(G- f ), as follows: 

I, P , (S) n ), whore V T j = (Y-I ) (J and 

P’ is constructed as follows: 

(a) for each rule: 


Us - f 1 A 1 . . . f n A n ] in P, f 1 , . . . , f n in I*, < A 1 , . . . , 


V 


in Y-I, wc have in P* the production 
S 


( f ^ < a . , , . . . , y , • • • . , 


(h) 


'1 

For each rule; 


n 1 


? • • • J 


^n > ) * 


Jrx. 


11 


f 1 B 1 I 


A 


n 


f B 
n n 


in P s where 


f -j , . . . 5 f n ane in I , < , . . . ? A^ > ,<B^ , . . . 

Y-I, wc have in p’ the production: 


, B n > ,are in 


< , . . . , A n > -* ( £■] <" B^ f n < B^ , . . ,B n >) 
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(c) For each terminal rule of the form: 



•> • * 


in P , where 



^ 1 > is in 7-1, and , . . . , ■ f n arc in I*, we 

have in P* the production: 


< 



“n 




Q.E.-O. 


From Lemmas 1 and 2, we have: 
Theor em 1: 


£ 


n 












